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Double Integrals over Rectangles
 Multiple IntegralsDouble Integrals over Rectangles
 In much the same way that our attempt to solve the area problem led tothe definition of a definite integral, we now seek to find the volume of asolid and in the process we arrive at the definition of a double integral.
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Double Integrals over Rectangles Volumes and Double Integrals
 Volumes and Double Integrals
 In a similar manner, we consider a function of two variables defined on aclosed rectangle
 R = [a, b]× [c, d] = {(x, y) ∈ R2 : a ≤ x ≤ b, c ≤ y ≤ d}
 and we first suppose that f(x, y) ≥0. The graph of f is a surface withequation z = f(x, y). Let S be thesolid that lies above R and under thegraph of f , that is,
 Volumes and Double Integrals
 In a similar manner we consider a function of two variables defined on a closed rect-angle
 and we first suppose that . The graph of f is a surface with equation. Let S be the solid that lies above R and under the graph of f, that is,
 (See Figure 2.) Our goal is to find the volume of S.The first step is to divide the rectangle into subrectangles. We do this by divid-
 ing the interval into m subintervals of equal width and dividing into n subintervals of equal width . Bydrawing lines parallel to the coordinate axes through the endpoints of these subinter-vals as in Figure 3, we form the subrectangles
 each with area .
 If we choose a sample point in each , then we can approximate the partof S that lies above each by a thin rectangular box (or “column”) with base andheight as shown in Figure 4. (Compare with Figure 1.) The volume of thisbox is the height of the box times the area of the base rectangle:
 If we follow this procedure for all the rectangles and add the volumes of the corre-sponding boxes, we get an approximation to the total volume of S:
 (See Figure 5.) This double sum means that for each subrectangle we evaluate at thechosen point and multiply by the area of the subrectangle, and then we add the results.
 f
 V � �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A3
 f �xij*, yij*� �A
 f �xij*, yij*�RijRij
 Rij�xij*, yij*�
 FIGURE 3Dividing R into subrectangles
 (x*£™, y*£™)
 yj_1
 yj
 xixi_1
 y
 x
 d
 c
 ›
 0 ⁄ ¤
 Rij
 a b
 (x*ij, y*
 ij)
 (xi, yj)
 Îx
 Îy
 �A � �x �y
 Rij � �xi�1, xi � � �yj�1, yj� � ��x, y� xi�1 � x � xi, yj�1 � y � yj
 �y � �d � c��n�yj�1, yj ��c, d ��x � �b � a��m�xi�1, xi��a, b�
 R
 S � ��x, y, z� � � 3 0 � z � f �x, y�, �x, y� � R
 z � f �x, y�f �x, y� � 0
 R � �a, b� � �c, d � � ��x, y� � � 2 a � x � b, c � y � d
 f
 840 � CHAPTER 12 MULTIPLE INTEGRALS
 FIGURE 2
 0c
 d
 R
 a
 bx
 z=f(x, y)z
 y
 S = {(x, y, z) ∈ R3 : 0 ≤ z ≤ f(x, y), (x, y) ∈ R}
 Our goal is to find the volume of S.
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Double Integrals over Rectangles Volumes and Double Integrals
 The first step is to divide the rectangle R into subrectangles. We do thisby dividing the interval [a, b] into m subintervals [xi−1, xi] of equal width∆x = b−a
 m and dividing [c, d] into n subintervals [yj−1, yj ] of equal width
 ∆y = d−cn . By drawing lines parallel to the coordinate axes through the
 endpoints of these subintervals as in Figure, we form the subrectanglesRij = [xi−1, xi]× [yj−1, yj ] each with area ∆A = ∆x∆y.
 Volumes and Double Integrals
 In a similar manner we consider a function of two variables defined on a closed rect-angle
 and we first suppose that . The graph of f is a surface with equation. Let S be the solid that lies above R and under the graph of f, that is,
 (See Figure 2.) Our goal is to find the volume of S.The first step is to divide the rectangle into subrectangles. We do this by divid-
 ing the interval into m subintervals of equal width and dividing into n subintervals of equal width . Bydrawing lines parallel to the coordinate axes through the endpoints of these subinter-vals as in Figure 3, we form the subrectangles
 each with area .
 If we choose a sample point in each , then we can approximate the partof S that lies above each by a thin rectangular box (or “column”) with base andheight as shown in Figure 4. (Compare with Figure 1.) The volume of thisbox is the height of the box times the area of the base rectangle:
 If we follow this procedure for all the rectangles and add the volumes of the corre-sponding boxes, we get an approximation to the total volume of S:
 (See Figure 5.) This double sum means that for each subrectangle we evaluate at thechosen point and multiply by the area of the subrectangle, and then we add the results.
 f
 V � �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A3
 f �xij*, yij*� �A
 f �xij*, yij*�RijRij
 Rij�xij*, yij*�
 FIGURE 3Dividing R into subrectangles
 (x*£™, y*£™)
 yj_1
 yj
 xixi_1
 y
 x
 d
 c
 ›
 0 ⁄ ¤
 Rij
 a b
 (x*ij, y*
 ij)
 (xi, yj)
 Îx
 Îy
 �A � �x �y
 Rij � �xi�1, xi � � �yj�1, yj� � ��x, y� xi�1 � x � xi, yj�1 � y � yj
 �y � �d � c��n�yj�1, yj ��c, d ��x � �b � a��m�xi�1, xi ��a, b�
 R
 S � ��x, y, z� � � 3 0 � z � f �x, y�, �x, y� � R
 z � f �x, y�f �x, y� � 0
 R � �a, b� � �c, d � � ��x, y� � � 2 a � x � b, c � y � d
 f
 840 � CHAPTER 12 MULTIPLE INTEGRALS
 FIGURE 2
 0c
 d
 R
 a
 bx
 z=f(x, y)z
 y
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Double Integrals over Rectangles Volumes and Double Integrals
 If we choose a sample point (x∗ij , y∗ij) in each Rij , then we can
 approximate the part of S that lies above each Rij by a thin rectangularbox (or “column”) with base Rij and height f(x∗ij , y
 ∗ij) as shown in
 Figure. The volume of this box is the height of the box times the area ofthe base rectangle:
 f(x∗ij , y∗ij)∆A.
 Our intuition tells us that the approximation given in (3) becomes better as m andn become larger and so we would expect that
 We use the expression in Equation 4 to define the volume of the solid that lies underthe graph of and above the rectangle . (It can be shown that this definition is con-sistent with our formula for volume in Section 6.2.)
 Limits of the type that appear in Equation 4 occur frequently, not just in findingvolumes but in a variety of other situations as well—as we will see in Section 12.5—even when is not a positive function. So we make the following definition.
 Definition The double integral of over the rectangle is
 if this limit exists.
 It can be proved that the limit in Definition 5 exists if is a continuous function.(It also exists for some discontinuous functions as long as they are reasonably “wellbehaved.”)
 The sample point can be chosen to be any point in the subrectangle but if we choose it to be the upper right-hand corner of [namely , see Fig-ure 3], then the expression for the double integral looks simpler:
 By comparing Definitions 4 and 5, we see that a volume can be written as a doubleintegral:
 yyR
 f �x, y� dA � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xi, yj� �A6
 �xi, yj�Rij
 Rij,�xij*, yij*�
 f
 yyR
 f �x, y� dA � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A
 Rf5
 f
 RfS
 V � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A4
 x
 y
 0
 zz
 y
 0c
 d
 Rij
 a
 bx
 f(x*ij, y*
 ij) 
 FIGURE 4 FIGURE 5
 SECTION 12.1 DOUBLE INTEGRALS OVER RECTANGLES � 841
 � The meaning of the double limit inEquation 4 is that we can make the double sum as close as we like to thenumber [for any choice of ] by taking and sufficiently large.nm
 �xij*, yij*�V
 � Notice the similarity between Definition 5 and the definition of a single integral in Equation 2.
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Double Integrals over Rectangles Volumes and Double Integrals
 If we follow this procedure for all the rectangles and add the volumes ofthe corresponding boxes, we get an approximation to the total volume ofS:
 V ≈m∑i=1
 n∑j=1
 f(x∗ij , y∗ij)∆A. (1)
 This double sum means that for each subrectangle, we evaluate at thechosen point and multiply by the area of the subrectangle, and then weadd the results.
 Our intuition tells us that the approximation given in (3) becomes better as m andn become larger and so we would expect that
 We use the expression in Equation 4 to define the volume of the solid that lies underthe graph of and above the rectangle . (It can be shown that this definition is con-sistent with our formula for volume in Section 6.2.)
 Limits of the type that appear in Equation 4 occur frequently, not just in findingvolumes but in a variety of other situations as well—as we will see in Section 12.5—even when is not a positive function. So we make the following definition.
 Definition The double integral of over the rectangle is
 if this limit exists.
 It can be proved that the limit in Definition 5 exists if is a continuous function.(It also exists for some discontinuous functions as long as they are reasonably “wellbehaved.”)
 The sample point can be chosen to be any point in the subrectangle but if we choose it to be the upper right-hand corner of [namely , see Fig-ure 3], then the expression for the double integral looks simpler:
 By comparing Definitions 4 and 5, we see that a volume can be written as a doubleintegral:
 yyR
 f �x, y� dA � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xi, yj � �A6
 �xi, yj�Rij
 Rij,�xij*, yij*�
 f
 yyR
 f �x, y� dA � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A
 Rf5
 f
 RfS
 V � lim m, n l �
 �m
 i�1 �
 n
 j�1 f �xij*, yij*� �A4
 x
 y
 0
 zz
 y
 0c
 d
 Rij
 a
 bx
 f(x*ij, y*
 ij) 
 FIGURE 4 FIGURE 5
 SECTION 12.1 DOUBLE INTEGRALS OVER RECTANGLES � 841
 � The meaning of the double limit inEquation 4 is that we can make the double sum as close as we like to thenumber [for any choice of ] by taking and sufficiently large.nm
 �xij*, yij*�V
 � Notice the similarity between Definition 5 and the definition of a single integral in Equation 2.

Page 6
                        

Double Integrals over Rectangles Volumes and Double Integrals
 Our intuition tells us that the approximation given in (1) becomes betteras m and n become larger and so we would expect that
 V = limm,n→∞
 m∑i=1
 n∑j=1
 f(x∗ij , y∗ij)∆A. (2)
 We use the expression in (2) to define the volume of the solid that liesunder the graph of and above the rectangle.
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Double Integrals over Rectangles Volumes and Double Integrals
 Limits of the type that appear in (2) occur frequently, not just in findingvolumes but in a variety of other situations as well as we will see in nextsection even when f is not a positive function. So we make the followingdefinition.
 Definition 1 (Double Integral)
 The double integral of f over the rectangle R is∫∫Rf(x, y)dA = lim
 m,n→∞
 m∑i=1
 n∑j=1
 f(x∗ij , y∗ij)∆A
 provided the limit exists.
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Iterated Integrals
 Iterated Integrals
 Example 2
 Evaluate the iterated integrals.
 1
 ∫ 3
 0
 ∫ 2
 1x2ydydx.
 2
 ∫ 2
 1
 ∫ 3
 0x2ydxdy.
 Solution.
 1 Here we first integrate with respect to y:∫ 3
 0
 ∫ 2
 1x2ydydx =
 ∫ 3
 0x2y2
 2
 ∣∣∣∣y=2
 y=1
 dx =
 ∫ 3
 0
 3
 2x2dx =
 x3
 2
 ∣∣∣∣30
 =27
 2.
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Iterated Integrals
 Solution (cont.)
 2 Here we first integrate with respect to x:∫ 2
 1
 ∫ 3
 0x2ydxdy =
 ∫ 2
 1
 x3
 3y
 ∣∣∣∣x=3
 x=0
 dy =
 ∫ 2
 19ydy =
 9
 2y2∣∣∣∣21
 =27
 2.
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Iterated Integrals
 The following theorem gives a practical method for evaluating a doubleintegral by expressing it as an iterated integral (in either order).
 Theorem 3 (Fubini’s Theorem)
 If is continuous on the rectangle
 R = {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d},
 then ∫∫Rf(x, y)dA =
 ∫ b
 a
 ∫ d
 cf(x, y)dydx =
 ∫ d
 c
 ∫ b
 af(x, y)dxdy.
 More generally, this is true if we assume that f is bounded on R, f isdiscontinuous only on a finite number of smooth curves, and the iteratedintegrals exist.
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Iterated Integrals
 Example 4
 Evaluate the double integral
 ∫∫R
 (x− 3y2)dA, where
 R = {(x, y) : 0 ≤ x ≤ 2, 1 ≤ y ≤ 2}.
 A similar argument, using cross-sections perpendicular to the -axis as in Figure 2,shows that
 EXAMPLE 2 Evaluate the double integral , where, . (Compare with Example 3 in Section 12.1.)
 SOLUTION 1 Fubini’s Theorem gives
 SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect tofirst, we have
 EXAMPLE 3 Evaluate , where .
 SOLUTION 1 If we first integrate with respect to , we get
 SOLUTION 2 If we reverse the order of integration, we get
 To evaluate the inner integral we use integration by parts with
 v � �cos�xy�
 x du � dy
 dv � sin�xy� dy u � y
 yyR
 y sin�xy� dA � y2
 1 y
 �
 0 y sin�xy� dy dx
 � �12 sin 2y � sin y]0
 �� 0
 � y�
 0 ��cos 2y � cos y� dy
 � y�
 0 [�cos�xy�]x�1
 x�2 dy
 yyR
 y sin�xy� dA � y�
 0 y
 2
 1 y sin�xy� dx dy
 x
 R � �1, 2� � �0, ��xxR y sin�xy� dA
 � y2
 1 �2 � 6y 2 � dy � 2y � 2y 3]1
 2� �12
 � y2
 1
 x 2
 2� 3xy 2�
 x�0
 x�2
 dy
 yyR
 �x � 3y 2 � dA � y2
 1 y
 2
 0 �x � 3y 2 � dx dy
 x
 � y2
 0 �x � 7� dx �
 x 2
 2� 7x�
 0
 2
 � �12
 � y2
 0
 [xy � y 3]y�1y�2
 dx
 yyR
 �x � 3y 2 � dA � y2
 0 y
 2
 1 �x � 3y 2 � dy dx
 1 � y � 2R � ��x, y� 0 � x � 2xxR �x � 3y 2 � dA
 yyR
 f �x, y� dA � yd
 c y
 b
 a f �x, y� dx dy
 y
 SECTION 12.2 ITERATED INTEGRALS � 851
 FIGURE 2
 x
 0
 z
 y
 ycd
 FIGURE 3
 R0
 _120 0.5 1 1. 2 2
 10
 yx
 z_4
 _8 z=x-3¥
 FIGURE 4
 z=y sin(xy)
 10
 _1
 y10
 32 2
 1
 x
 z
 � Notice the negative answer inExample 2; nothing is wrong with that.The function in that example is not apositive function, so its integral doesn’trepresent a volume. From Figure 3 wesee that is always negative on , sothe value of the integral is the negativeof the volume that lies above the graphof and below .Rf
 Rf
 f
 � For a function that takes on both positive and negative values,
 is a difference of volumes:, where is the volume above
 and below the graph of and is the volume below and above the graph. The fact that the integral in Example 3 is means that these two volumes and are equal. (SeeFigure 4.)
 V2V1
 0
 RV2fR
 V1V1 � V2
 xxR f �x, y� dA
 f
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Iterated Integrals
 Solution 1.Applying Fubini’s Theorem with respect to y first, we have∫∫
 R(x− 3y2)dA =
 ∫ 2
 0
 ∫ 2
 1(x− 3y2)dydx =
 ∫ 2
 0
 [xy − y3
 ]y=2
 y=1dx
 =
 ∫ 2
 0(x− 7)dx =
 [x2
 2− 7
 ]20
 = −12.
 Solution 2.Again applying Fubini’s Theorem, but this time integrating with respectto x first, we have∫∫
 R(x− 3y2)dA =
 ∫ 2
 1
 ∫ 2
 0(x− 3y2)dxdy =
 ∫ 2
 1
 [x2
 2− 3xy2
 ]x=2
 x=0
 dy
 =
 ∫ 2
 1
 (2− 6y2
 )dx =
 [2y − 2y3
 ]21
 = −12.
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Iterated Integrals
 Example 5
 Evaluate
 ∫∫Ry sin(xy)dA, where
 R = [1, 2]× [0, π].
 A similar argument, using cross-sections perpendicular to the -axis as in Figure 2,shows that
 EXAMPLE 2 Evaluate the double integral , where, . (Compare with Example 3 in Section 12.1.)
 SOLUTION 1 Fubini’s Theorem gives
 SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect tofirst, we have
 EXAMPLE 3 Evaluate , where .
 SOLUTION 1 If we first integrate with respect to , we get
 SOLUTION 2 If we reverse the order of integration, we get
 To evaluate the inner integral we use integration by parts with
 v � �cos�xy�
 x du � dy
 dv � sin�xy� dy u � y
 yyR
 y sin�xy� dA � y2
 1 y
 �
 0 y sin�xy� dy dx
 � �12 sin 2y � sin y]0
 �� 0
 � y�
 0 ��cos 2y � cos y� dy
 � y�
 0 [�cos�xy�]x�1
 x�2 dy
 yyR
 y sin�xy� dA � y�
 0 y
 2
 1 y sin�xy� dx dy
 x
 R � �1, 2� � �0, ��xxR y sin�xy� dA
 � y2
 1 �2 � 6y 2 � dy � 2y � 2y 3]1
 2� �12
 � y2
 1
 x 2
 2� 3xy 2�
 x�0
 x�2
 dy
 yyR
 �x � 3y 2 � dA � y2
 1 y
 2
 0 �x � 3y 2 � dx dy
 x
 � y2
 0 �x � 7� dx �
 x 2
 2� 7x�
 0
 2
 � �12
 � y2
 0
 [xy � y 3]y�1y�2
 dx
 yyR
 �x � 3y 2 � dA � y2
 0 y
 2
 1 �x � 3y 2 � dy dx
 1 � y � 2R � ��x, y� 0 � x � 2xxR �x � 3y 2 � dA
 yyR
 f �x, y� dA � yd
 c y
 b
 a f �x, y� dx dy
 y
 SECTION 12.2 ITERATED INTEGRALS � 851
 FIGURE 2
 x
 0
 z
 y
 ycd
 FIGURE 3
 R0
 _120 0.5 1 1. 2 2
 10
 yx
 z_4
 _8 z=x-3¥
 FIGURE 4
 z=y sin(xy)
 10
 _1
 y10
 32 2
 1
 x
 z
 � Notice the negative answer inExample 2; nothing is wrong with that.The function in that example is not apositive function, so its integral doesn’trepresent a volume. From Figure 3 wesee that is always negative on , sothe value of the integral is the negativeof the volume that lies above the graphof and below .Rf
 Rf
 f
 � For a function that takes on both positive and negative values,
 is a difference of volumes:, where is the volume above
 and below the graph of and is the volume below and above the graph. The fact that the integral in Example 3 is means that these two volumes and are equal. (SeeFigure 4.)
 V2V1
 0
 RV2fR
 V1V1 � V2
 xxR f �x, y� dA
 f
 Solution 1.If we first integrate with respect to x, we get∫∫
 R
 y sin(xy)dA =
 ∫ π
 0
 ∫ 2
 1
 y sin(xy)dxdy =
 ∫ π
 0
 [− cos(xy)]x=2x=1 dy
 =
 ∫ π
 0
 [cos(y)− cos(2y)] dy =
 [sin(y)− 1
 2sin(2y)
 ]π0
 = 0.
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Iterated Integrals
 Solution 2.If we first integrate with respect to y, we get∫∫
 Ry sin(xy)dA =
 ∫ 2
 1
 ∫ π
 0y sin(xy)dydx.
 To evaluate the inner integral, we use integration by parts with u = yand dv = sin(xy)dy and so∫ π
 0y sin(xy)dy =− y
 xcos(xy)
 ∣∣∣∣y=πy=0
 +1
 x
 ∫ π
 0cos(xy)dy
 =− π
 xcos(πx) +
 1
 x2sin(xy)
 ∣∣∣∣y=πy=0
 =− π
 xcos(πx) +
 1
 x2sin(πx).
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Iterated Integrals
 Solution 2 (cont.)
 If we now integrate by parts with u = 1x and dv = π cos(πx)dx the first
 term of ∫ 2
 1
 (−πx
 cos(πx) +1
 x2sin(πx)
 )dx.
 Then, ∫ 2
 1
 (−πx
 cos(πx))dx = −sin(πx)
 x
 ∣∣∣∣21
 −∫ 2
 1
 1
 x2sin(πx)dx,
 which yields∫ 2
 1
 (−πx
 cos(πx) +1
 x2sin(πx)
 )dx =− sin(πx)
 x
 ∣∣∣∣21
 =sin(2π)
 2− sin(π) = 0.
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Iterated Integrals
 In Example 4, Solution 1 and Solution 2 are equally straightforward, butin Example 5, the first solution is much easier than the second one.
 Therefore, when we evaluate double integrals it is wise to choose theorder of integration that gives simpler integrals.
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Iterated Integrals
 Example 6
 Find the volume of the solid S that is bounded by the elliptic paraboloidx2 + 2y2 + z = 16, the planes x = 2 and y = 2, and the three coordinateplanes.
 and so
 If we now integrate the first term by parts with and , weget , , and
 Therefore
 and so
 EXAMPLE 4 Find the volume of the solid that is bounded by the elliptic paraboloid, the planes and , and the three coordinate planes.
 SOLUTION We first observe that is the solid that lies under the surfaceand above the square . (See Figure 5.) This
 solid was considered in Example 1 in Section 12.1, but we are now in a position toevaluate the double integral using Fubini’s Theorem. Therefore
 In the special case where can be factored as the product of a function of only and a function of only, the double integral of can be written in a particularlysimple form. To be specific, suppose that and .Then Fubini’s Theorem gives
 In the inner integral is a constant, so is a constant and we can write
 � yb
 a t�x� dx y
 d
 c h�y� dy
 yd
 c  y
 b
 a t�x�h�y� dx� dy � y
 d
 c  h�y��y
 b
 a t�x� dx�� dy
 h�y�y
 yyR
 f �x, y� dA � yd
 c y
 b
 a t�x�h�y� dx dy � y
 d
 c  y
 b
 a t�x�h�y� dx� dy
 R � �a, b� � �c, d �f �x, y� � t�x�h�y�fy
 xf �x, y�
 � y2
 0 ( 88
 3 � 4y 2 ) dy � [ 883 y �
 43 y3 ]0
 2� 48
 � y2
 0 [16x �
 13 x 3 � 2y 2x]x�0
 x�2 dy
 V � yyR
 �16 � x 2 � 2y 2 � dA � y2
 0 y
 2
 0 �16 � x 2 � 2y 2 � dx dy
 R � �0, 2� � �0, 2�z � 16 � x 2 � 2y 2S
 y � 2x � 2x 2 � 2y 2 � z � 16S
 � �sin 2�
 2� sin � � 0
 y2
 1 y
 �
 0 y sin�xy� dy dx �  �
 sin �x
 x �1
 2
 y ��� cos �x
 x�
 sin �x
 x 2 � dx � �sin �x
 x
 y ��� cos �x
 x � dx � �sin�x
 x� y
 sin �x
 x 2 dx
 v � sin �xdu � dx�x 2dv � � cos �x dxu � �1�x
 � �� cos �x
 x�
 sin �x
 x 2
 � �� cos �x
 x�
 1
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 � In Example 2, Solutions 1 and 2 areequally straightforward, but in Example 3the first solution is much easier than thesecond one. Therefore, when we eval-uate double integrals it is wise to choosethe order of integration that gives simplerintegrals.
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 Solution.We first observe that S is the solid that lies under the surfacez = 16− x2 − 2y2 and above the square R = [0, 2]× [0, 2]. This solidwas considered in a previous example, but we are now in a position toevaluate the double integral using Fubini’s Theorem. Therefore,
 V =
 ∫∫R
 (16− x2 − 2y2
 )dA =
 ∫ 2
 0
 ∫ 2
 0
 (16− x2 − 2y2
 )dxdy
 =
 ∫ 2
 0
 [16x− x3
 3− 2y2x
 ]x=2
 x=0
 dy =
 ∫ 2
 0
 (88
 3− 4y2
 )dy
 =
 [88
 3y − 4
 3y3]20
 = 48.

Page 19
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 Double Integrals over General Regions
 We suppose that D is a bounded region, which means that can beenclosed in a rectangular region R as in Figure. Then, we define a newfunction with domain by
 F (x, y) =
 {f(x, y), (x, y) ∈ D0, (x, y) ∈ R\D.
 28. Graph the solid that lies between the surfacesand for ,
 . Use a computer algebra system to approximate thevolume of this solid correct to four decimal places.
 29–30 � Find the average value of over the given rectangle.
 29. ,has vertices , , ,
 30. ,� � � � � � � � � � � � �
 31. Use your CAS to compute the iterated integrals
 Do the answers contradict Fubini’s Theorem? Explain whatis happening.
 32. (a) In what way are the theorems of Fubini and Clairaut similar?
 (b) If is continuous on and
 for , , show that .txy � tyx � f �x, y�c y da x b
 t�x, y� � yx
 a y
 y
 c f �s, t� dt ds
 �a, b� � �c, d �f �x, y�
 y1
 0 y
 1
 0
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 �x � y�3 dx dyandy1
 0 y
 1
 0
 x � y
 �x � y�3 dy dx
 CAS
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 �1, 0��1, 5���1, 5���1, 0�Rf �x, y� � x 2 y
 f
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 cos �x 2 � y 2 �CAS21. Find the volume of the solid lying under the elliptic
 paraboloid and above the square.
 22. Find the volume of the solid lying under the hyper-bolic paraboloid and above the square
 .
 23. Find the volume of the solid bounded by the surfaceand the planes , , , ,
 and .
 24. Find the volume of the solid bounded by the elliptic parabo-loid , the planes and ,and the coordinate planes.
 25. Find the volume of the solid in the first octant bounded bythe cylinder and the plane .
 26. (a) Find the volume of the solid bounded by the surfaceand the planes , , ,
 , and .
 ; (b) Use a computer to draw the solid.
 27. Use a computer algebra system to find the exact value of theintegral , where . Then usethe CAS to draw the solid whose volume is given by theintegral.
 R � �0, 1� � �0, 1�xxR x 5y 3e xy dACAS
 z � 0y � 3y � 0x � �2x � 2z � 6 � xy
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 R � ��1, 1� � ��2, 2�x 2�4 � y 2�9 � z � 1
 Double Integrals over General Regions � � � � � � � � �
 For single integrals, the region over which we integrate is always an interval. But for double integrals, we want to be able to integrate a function not just over rectanglesbut also over regions of more general shape, such as the one illustrated in Figure 1.We suppose that is a bounded region, which means that can be enclosed in a rec-tangular region as in Figure 2. Then we define a new function with domain by
 0
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 D
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Double Integrals over General Regions
 Definition 7If the double integral of F exists over R, then we define the doubleintegral of f over D by∫∫
 Df(x, y)dA =
 ∫∫RF (x, y)dA. (3)
 Definition in (3) makes sense because R is a rectangle and so∫∫R F (x, y)dA has been previously defined. The procedure that we have
 used is reasonable because the values of F (x, y) are 0 when (x, y) liesoutside D and so they contribute nothing to the integral. This meansthat it doesn’t matter what rectangle R we use as long as it contains D.
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 In the case where f(x, y) ≥ 0, we can still interpret∫∫D f(x, y)dA as the
 volume of the solid that lies above D and under the surfacez = f(x, y)(the graph of f). You can see that this is reasonable bycomparing the graphs of and in Figures and remembering that∫∫R F (x, y)dA is the volume under the graph of F .
 If the double integral of F exists over R, then we define the double integral of over D by
 Definition 2 makes sense because R is a rectangle and so has beenpreviously defined in Section 12.1. The procedure that we have used is reasonablebecause the values of are 0 when lies outside and so they contributenothing to the integral. This means that it doesn’t matter what rectangle we use aslong as it contains .
 In the case where we can still interpret as the volume ofthe solid that lies above and under the surface (the graph of ). You cansee that this is reasonable by comparing the graphs of and in Figures 3 and 4 andremembering that is the volume under the graph of .
 Figure 4 also shows that is likely to have discontinuities at the boundary pointsof . Nonetheless, if is continuous on and the boundary curve of is “wellbehaved” (in a sense outside the scope of this book), then it can be shown that
 exists and therefore exists. In particular, this is the case forthe following types of regions.
 A plane region is said to be of type I if it lies between the graphs of two con-tinuous functions of , that is,
 where and are continuous on . Some examples of type I regions are shownin Figure 5.
 In order to evaluate when is a region of type I, we choose a rect-angle that contains , as in Figure 6, and we let be the functiongiven by Equation 1; that is, agrees with on and is outside . Then, byFubini’s Theorem,
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Double Integrals over General Regions
 A plane region D is said to be of Type I if it lies between the graphs oftwo continuous functions of x, that is,
 D = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}, (4)
 where g1 and g2 are continuous on [a, b].
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 If f is continuous on a Type I region D given by (4), then∫∫Df(x, y)dA =
 ∫ b
 a
 ∫ g2(x)
 g1(x)f(x, y)dydx. (5)
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Double Integrals over General Regions
 We also consider plane regions of Type II, which can be expressed as
 D = {(x, y) : c ≤ y ≤ d, h1(y) ≤ x ≤ h2(y)}, (6)
 where h1 and h2 are continuous on [c, d].
 because when . Thus, we have the following for-mula that enables us to evaluate the double integral as an iterated integral.
 If is continuous on a type I region D such that
 then
 The integral on the right side of (3) is an iterated integral that is similar to the oneswe considered in the preceding section, except that in the inner integral we regard as being constant not only in but also in the limits of integration, and
 We also consider plane regions of type II, which can be expressed as
 where and are continuous. Two such regions are illustrated in Figure 7.Using the same methods that were used in establishing (3), we can show that
 where D is a type II region given by Equation 4.
 EXAMPLE 1 Evaluate , where is the region bounded by the parabolas and .
 SOLUTION The parabolas intersect when , that is, , so . We note that the region , sketched in Figure 8, is a type I region but not a type IIregion and we can write
 Since the lower boundary is and the upper boundary is , Equa-tion 3 gives
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 If f is continuous on a Type II region D given by (6), then∫∫Df(x, y)dA =
 ∫ d
 c
 ∫ h2(y)
 h1(y)f(x, y)dxdy. (7)
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 Example 8
 Evaluate
 ∫∫D
 (x+ 2y)dA, where D is the region bounded by the
 parabolas y = 2x2 and y = 1 + x2.
 because when . Thus, we have the following for-mula that enables us to evaluate the double integral as an iterated integral.
 If is continuous on a type I region D such that
 then
 The integral on the right side of (3) is an iterated integral that is similar to the oneswe considered in the preceding section, except that in the inner integral we regard as being constant not only in but also in the limits of integration, and
 We also consider plane regions of type II, which can be expressed as
 where and are continuous. Two such regions are illustrated in Figure 7.Using the same methods that were used in establishing (3), we can show that
 where D is a type II region given by Equation 4.
 EXAMPLE 1 Evaluate , where is the region bounded by the parabolas and .
 SOLUTION The parabolas intersect when , that is, , so . We note that the region , sketched in Figure 8, is a type I region but not a type IIregion and we can write
 Since the lower boundary is and the upper boundary is , Equa-tion 3 gives
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 Solution.The parabolas intersect when 2x2 = 1 + x2, that is, x2 = 1, so x = ±1.We note that the region D, sketched in Figure, is a Type I region but nota Type II region and we can write
 D = {(x, y) : −1 ≤ x ≤ 1, 2x2 ≤ y ≤ 1 + x2}.
 Since the lower boundary is y = 2x2 and the upper boundary isy = 1 + x2, (5) gives∫∫
 D(x+ 2y)dA =
 ∫ 1
 −1
 ∫ 1+x2
 2x2(x+ 2y)dydx =
 32
 15.
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 NoteWhen we set up a double integral as in Example 8, it is essential to drawa diagram. Often it is helpful to draw a vertical arrow as in Figure. Thenthe limits of integration for the inner integral can be read from thediagram as follows:
 The arrow starts at the lower boundary y = g1(x), which gives the lowerlimit in the integral, and the arrow ends at the upper boundaryy = g2(x), which gives the upper limit of integration.
 For a Type II region the arrow is drawn horizontally from the leftboundary to the right boundary.
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 Example 9
 Find the volume of the solid that lies under the paraboloid z = x2 + y2
 and above the region D in the xy-plane bounded by the line y = 2x andthe parabola y = x2.
 Solution 1.
 NOTE � When we set up a double integral as in Example 1, it is essential to draw a diagram. Often it is helpful to draw a vertical arrow as in Figure 8. Then the limits of integration for the inner integral can be read from the diagram as follows: The arrow starts at the lower boundary , which gives the lower limit in the integral, and the arrow ends at the upper boundary , which gives the upper limit of inte-gration. For a type II region the arrow is drawn horizontally from the left boundary tothe right boundary.
 EXAMPLE 2 Find the volume of the solid that lies under the paraboloid and above the region in the -plane bounded by the line and the parabola
 .
 SOLUTION 1 From Figure 9 we see that is a type I region and
 Therefore, the volume under and above is
 SOLUTION 2 From Figure 10 we see that can also be written as a type II region:
 Therefore, another expression for is
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 FIGURE 10D as a type II region
 FIGURE 9D as a type I region
 y
 0 x1 2
 (2, 4)
 D
 y=≈
 y=2x
 x=œ„y
 12
 x= y
 y
 4
 0 x
 D
 (2, 4)
 � Figure 11 shows the solid whose volume is calculated in Example 2. It lies above the -plane, below theparaboloid , and betweenthe plane and the paraboliccylinder .y � x 2
 y � 2xz � x 2 � y 2
 xy
 From Figure, we see that is a Type I region and
 D = {(x, y) : 0 ≤ x ≤ 2, x2 ≤ y ≤ 2x}.
 Therefore, the volume under z = x2+y2 and aboveD is
 V =
 ∫∫D
 (x2 + y2
 )dA
 =
 ∫ 2
 0
 ∫ 2x
 x2
 (x2 + y2
 )dydx =
 216
 35.
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 Solution 2.
 NOTE � When we set up a double integral as in Example 1, it is essential to draw a diagram. Often it is helpful to draw a vertical arrow as in Figure 8. Then the limits of integration for the inner integral can be read from the diagram as follows: The arrow starts at the lower boundary , which gives the lower limit in the integral, and the arrow ends at the upper boundary , which gives the upper limit of inte-gration. For a type II region the arrow is drawn horizontally from the left boundary tothe right boundary.
 EXAMPLE 2 Find the volume of the solid that lies under the paraboloid and above the region in the -plane bounded by the line and the parabola
 .
 SOLUTION 1 From Figure 9 we see that is a type I region and
 Therefore, the volume under and above is
 SOLUTION 2 From Figure 10 we see that can also be written as a type II region:
 Therefore, another expression for is
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 FIGURE 10D as a type II region
 FIGURE 9D as a type I region
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 � Figure 11 shows the solid whose volume is calculated in Example 2. It lies above the -plane, below theparaboloid , and betweenthe plane and the paraboliccylinder .y � x 2
 y � 2xz � x 2 � y 2
 xy
 From Figure, we see that is a Type II region and
 D =
 {(x, y) : 0 ≤ y ≤ 4,
 1
 2y ≤ x ≤ √y
 }.
 Therefore, another expression for V is
 V =
 ∫∫D
 (x2 + y2
 )dA
 =
 ∫ 4
 0
 ∫ √y12y
 (x2 + y2
 )dxdy =
 216
 35.

Page 29
                        

Double Integrals over General Regions Properties of Double Integrals
 Properties of Double Integrals
 Properties of Double Integrals
 Assume that all of the following integrals exist.
 1∫∫D[f(x, y) + g(x, y)]dA =
 ∫∫D f(x, y)dA+
 ∫∫D g(x, y)dA.
 2∫∫D cf(x, y)dA = c
 ∫∫D f(x, y)dA.
 3 If f(x, y) ≥ g(x, y) for all (x, y) ∈ D, then∫∫D f(x, y)dA ≥
 ∫∫D g(x, y)dA.
 4 If D = D1 ∪D2, where D1 and D2 don’t overlap except perhaps ontheir boundaries, then∫∫D f(x, y)dA =
 ∫∫D1f(x, y)dA+
 ∫∫D2f(x, y)dA.
 5∫∫D 1dA = A(D), where A(D) denotes the area of D.
 6 If m ≤ f(x, y) ≤M for all (x, y) ∈ D, thenmA(D) ≤
 ∫∫D f(x, y)dA ≤MA(D).
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 Example 10
 Evaluate∫∫D xydA, where D is the region bounded by the line y = x− 1
 and the parabola y2 = 2x+ 6.
 Solution.The region is shown in Figure. Again, D is both Type I and Type II, butthe description of as a Type I region is more complicated because thelower boundary consists of two parts. Therefore, we prefer to express as aType II region: D =
 {(x, y) : −2 ≤ y ≤ 4, 1
 2y2 − 3 ≤ x ≤ y + 1
 }.
 EXAMPLE 3 Evaluate where is the region bounded by the line and the parabola .
 SOLUTION The region is shown in Figure 12. Again is both type I and type II,but the description of as a type I region is more complicated because the lowerboundary consists of two parts. Therefore, we prefer to express as a type IIregion:
 Then (5) gives
 If we had expressed as a type I region using Figure 12(a), then we would haveobtained
 but this would have involved more work than the other method.
 EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes, , , and .
 SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the three-dimensional solid and another of the plane region over which it lies. Figure 13shows the tetrahedron bounded by the coordinate planes , , the verticalplane , and the plane . Since the plane inter-sects the -plane (whose equation is ) in the line , we see that Tx � 2y � 2z � 0xy
 x � 2y � z � 2x � 2y � z � 2x � 2yz � 0x � 0T
 D
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 EXAMPLE 3 Evaluate where is the region bounded by the line and the parabola .
 SOLUTION The region is shown in Figure 12. Again is both type I and type II,but the description of as a type I region is more complicated because the lowerboundary consists of two parts. Therefore, we prefer to express as a type IIregion:
 Then (5) gives
 If we had expressed as a type I region using Figure 12(a), then we would haveobtained
 but this would have involved more work than the other method.
 EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes, , , and .
 SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the three-dimensional solid and another of the plane region over which it lies. Figure 13shows the tetrahedron bounded by the coordinate planes , , the verticalplane , and the plane . Since the plane inter-sects the -plane (whose equation is ) in the line , we see that Tx � 2y � 2z � 0xy
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Double Integrals over General Regions Properties of Double Integrals
 Solution (cont.)
 Then, we compute∫∫DxydA =
 ∫ 4
 −2
 ∫ y+1
 12y2−3
 xydxdy = 36.
 If we had expressed as a Type I region using Figure, then we would haveobtained∫∫
 DxydA =
 ∫ −1−3
 ∫ √2x+6
 −√2x+6
 xydydx+
 ∫ 5
 −1
 ∫ √2x+6
 x−1xydydx
 but this would have involved more work than the other method.
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 Example 11
 Find the volume of the tetrahedron bounded by the planesx+ 2y + z = 2, x = 2y, x = 0, and z = 0.
 Solution.
 In a question such as this, it’s wise to drawtwo diagrams: one of the three-dimensionalsolid and another of the plane region D overwhich it lies.Figure shows the tetrahedron T bounded bythe coordinate planes x = 0, z = 0, thevertical plane x = 2y, and the plane x +2y + z = 2.
 EXAMPLE 3 Evaluate where is the region bounded by the line and the parabola .
 SOLUTION The region is shown in Figure 12. Again is both type I and type II,but the description of as a type I region is more complicated because the lowerboundary consists of two parts. Therefore, we prefer to express as a type IIregion:
 Then (5) gives
 If we had expressed as a type I region using Figure 12(a), then we would haveobtained
 but this would have involved more work than the other method.
 EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes, , , and .
 SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the three-dimensional solid and another of the plane region over which it lies. Figure 13shows the tetrahedron bounded by the coordinate planes , , the verticalplane , and the plane . Since the plane inter-sects the -plane (whose equation is ) in the line , we see that Tx � 2y � 2z � 0xy
 x � 2y � z � 2x � 2y � z � 2x � 2yz � 0x � 0T
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Double Integrals over General Regions Properties of Double Integrals
 Solution (cont.)lies above the triangular region in the -plane bounded by the lines ,
 , and . (See Figure 14.)The plane can be written as , so the required
 volume lies under the graph of the function and above
 Therefore
 EXAMPLE 5 Evaluate the iterated integral .
 SOLUTION If we try to evaluate the integral as it stands, we are faced with the task of first evaluating . But it’s impossible to do so in finite terms since
 is not an elementary function. (See the end of Section 5.8.) So we mustchange the order of integration. This is accomplished by first expressing the giveniterated integral as a double integral. Using (3) backward, we have
 where
 We sketch this region in Figure 15. Then from Figure 16 we see that an alterna-tive description of is
 This enables us to use (5) to express the double integral as an iterated integral in thereverse order:
 Properties of Double Integrals
 We assume that all of the following integrals exist. The first three properties of doubleintegrals over a region follow immediately from Definition 2 and Properties 7, 8,and 9 in Section 12.1.
 D
 � 12 �1 � cos 1�
 � y1
 0 y sin�y 2 � dy � �
 12 cos�y 2 �]0
 1
 � y1
 0 y
 y
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 FIGURE 16D as a type II region
 FIGURE 15D as a type I region
 FIGURE 14
 y= x2
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 D
 y
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 Since the plane x+2y+z = 2 intersects thexy-plane (whose equation is z = 0) in theline x+ y = 2, we see that T lies above thetriangular region D in the xy-plane boundedby the lines x = 2y, x+ 2y = 2, and x = 0.
 The plane x+ 2y + z = 2 can be written as z = 2− x− 2y, so therequired volume lies under the graph of the function z = 2− x− 2y andabove D =
 {(x, y) : 0 ≤ x ≤ 1, 1
 2x ≤ y ≤ 1− 12x}
 . Therefore,
 V =
 ∫∫D
 (2− x− 2y)dA =
 ∫ 1
 0
 ∫ 1−x2
 x2
 (2− x− 2y)dydx =1
 3.
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 Example 12
 Evaluate the iterated integral
 ∫ 1
 0
 ∫ 1
 xsin(y2)dydx.
 Solution.If we try to evaluate the integral as it stands, we are faced with the taskof first evaluating
 ∫sin(y2)dy. But it is not possible to do so in finite
 terms since is not an elementary function. Therefore, we must changethe order of integration. This is accomplished by first expressing thegiven iterated integral as a double integral.
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 Solution (cont.)
 lies above the triangular region in the -plane bounded by the lines ,, and . (See Figure 14.)
 The plane can be written as , so the requiredvolume lies under the graph of the function and above
 Therefore
 EXAMPLE 5 Evaluate the iterated integral .
 SOLUTION If we try to evaluate the integral as it stands, we are faced with the task of first evaluating . But it’s impossible to do so in finite terms since
 is not an elementary function. (See the end of Section 5.8.) So we mustchange the order of integration. This is accomplished by first expressing the giveniterated integral as a double integral. Using (3) backward, we have
 where
 We sketch this region in Figure 15. Then from Figure 16 we see that an alterna-tive description of is
 This enables us to use (5) to express the double integral as an iterated integral in thereverse order:
 Properties of Double Integrals
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 Using (5) backwards, we have∫ 1
 0
 ∫ 1
 xsin(y2)dydx =
 ∫∫D
 sin(y2)dA,
 where D = {(x, y) : 0 ≤ x ≤ 1, x ≤ y ≤ 1}.
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 Solution (cont.)
 Then, from Figure, we see that analternative description of D is
 D = {(x, y) : 0 ≤ y ≤ 1, 0 ≤ x ≤ y}.
 lies above the triangular region in the -plane bounded by the lines ,, and . (See Figure 14.)
 The plane can be written as , so the requiredvolume lies under the graph of the function and above
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 where
 We sketch this region in Figure 15. Then from Figure 16 we see that an alterna-tive description of is
 This enables us to use (5) to express the double integral as an iterated integral in thereverse order:
 Properties of Double Integrals
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 This enables us to use (7) to express the double integral as an iteratedintegral in the reverse order:∫∫
 Dsin(y2)dA =
 ∫ 1
 0
 ∫ y
 0sin(y2)dxdy =
 1
 2(1− cos(1)) .
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 Polar Coordinates
 Polar coordinates offer an alternative way of locating points in a plane.They are useful because, for certain types of regions and curves, polarcoordinates provide very simple descriptions and equations. The principalapplications of this idea occur in multi-variable calculus: the evaluation ofdouble integrals and the derivation of Kepler’s laws of planetary motion.
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 Curves in Polar Coordinates
 The connection between polar and Cartesian coordinates can be seenfrom Figure, in which the pole corresponds to the origin and the polaraxis coincides with the positive x-axis.
 SECTION H.1 CURVES IN POLAR COORDINATES � A59
 SOLUTION The points are plotted in Figure 3. In part (d) the point islocated three units from the pole in the fourth quadrant because the angle is inthe second quadrant and is negative.
 In the Cartesian coordinate system every point has only one representation, but inthe polar coordinate system each point has many representations. For instance, thepoint in Example 1(a) could be written as or or
 . (See Figure 4.)
 In fact, since a complete counterclockwise rotation is given by an angle 2 , thepoint represented by polar coordinates is also represented by
 where is any integer.The connection between polar and Cartesian coordinates can be seen from Figure 5,
 in which the pole corresponds to the origin and the polar axis coincides with the pos-itive -axis. If the point has Cartesian coordinates and polar coordinates then, from the figure, we have
 and so
 Although Equations 1 were deduced from Figure 5, which illustrates the casewhere and , these equations are valid for all values of and (Seethe general definition of and in Appendix C.)
 Equations 1 allow us to find the Cartesian coordinates of a point when the polarcoordinates are known. To find and when and are known, we use the equations
 which can be deduced from Equations 1 or simply read from Figure 5.
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 If the point has Cartesian coordinates (x, y) and polar coordinates (r, θ),then
 x = r cos(θ) and y = r sin(θ). (8)
 From (8), we can find the Cartesian coordinates of a point when the polarcoordinates are known. To find r and θ when x and y are known, we use
 x2 + y2 = r2 and tan(θ) =y
 x. (9)
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 Example 13
 Plot the points whose polar coordinates are given.
 1 (1, 5π4 ) 2 (2, 3π) 3 (2,−2π3 ) 4 (−3, 3π4 )
 Solution.The points are plotted in Figures. In part 4, the point is located threeunits from the pole in the fourth quadrant because the angle is in thesecond quadrant and is negative.
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 Example 14
 Convert the point (2, 2π3 ) from polar to Cartesian coordinates.
 Solution.Since r = 2 and θ = π
 3 , (8) gives
 x =r cos(θ) = 2 cos(π
 3
 )= 2 · 1
 2= 1,
 y =r sin(θ) = 2 sin(π
 3
 )= 2 ·
 √3
 2=√
 3.
 Therefore, the point is(1,√
 3)
 in Cartesian coordinates.
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 Example 15
 Represent the point with Cartesian coordinates (1,−1) in terms of polarcoordinates.
 Solution.If we choose r to be positive, then (9) gives
 r =√x2 + y2 =
 √12 + (−1)2 =
 √2,
 tan(θ) =y
 x=
 (−1)
 1= −1.
 Since the point (1,−1) lies in the fourth quadrant, we can chooseθ = −π
 4 or θ = 7π4 . Thus, one possible answer is
 (√2,−π
 4
 ), another is(√
 2, 7π4).
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 Remark(9) does not uniquely determine θ when x and y are given because, as θincreases through the interval 0 ≤ θ < 2π, each value of tan(θ) occurstwice. Therefore, in converting from Cartesian to polar coordinates, it’snot good enough just to find r and θ that satisfy (9). As in Example 15,we must choose θ so that the point (r, θ) lies in the correct quadrant.
 The graph of a polar equation r = f(θ), or more generally F (r, θ) = 0,consists of all points P that have at least one polar representation (r, θ)whose coordinates satisfy the equation.
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 Example 16
 What curve is represented by the polar equation r = 2?
 Solution.The curve consists of all points (r, θ) with r = 2. Since r represents thedistance from the point to the pole, the curve r = 2 represents the circlewith center O and radius 2. In general, the equation r = a represents acircle with center O and radius |a|.
 A60 � APPENDIX H POLAR COORDINATES
 EXAMPLE 2 Convert the point from polar to Cartesian coordinates.
 SOLUTION Since and , Equations 1 give
 Therefore, the point is in Cartesian coordinates.
 EXAMPLE 3 Represent the point with Cartesian coordinates in terms of polarcoordinates.
 SOLUTION If we choose to be positive, then Equations 2 give
 Since the point lies in the fourth quadrant, we can choose or. Thus, one possible answer is ; another is .
 NOTE � Equations 2 do not uniquely determine when and are given because,as increases through the interval , each value of occurs twice.Therefore, in converting from Cartesian to polar coordinates, it’s not good enough justto find and that satisfy Equations 2. As in Example 3, we must choose so that thepoint lies in the correct quadrant.
 The graph of a polar equation , or more generally , consistsof all points that have at least one polar representation whose coordinates sat-isfy the equation.
 EXAMPLE 4 What curve is represented by the polar equation ?
 SOLUTION The curve consists of all points with . Since represents thedistance from the point to the pole, the curve represents the circle with center
 and radius . In general, the equation represents a circle with center andradius . (See Figure 6.)
 EXAMPLE 5 Sketch the polar curve .
 SOLUTION This curve consists of all points such that the polar angle is 1 radian.It is the straight line that passes through and makes an angle of 1 radian with the O
 ��r, ��
 � � 1
 FIGURE 6
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 Example 17
 Sketch the polar curve θ = 1.
 Solution.This curve consists of all points (r, θ) such that the polar angle θ is 1radian. It is the straight line that passes through O and makes an angleof 1 radian with the polar axis. Notice that the points (r, 1) on the linewith r > 0 are in the first quadrant, whereas those with r < 0 are in thethird quadrant. SECTION H.1 CURVES IN POLAR COORDINATES � A61
 polar axis (see Figure 7). Notice that the points on the line with are inthe first quadrant, whereas those with are in the third quadrant.
 EXAMPLE 6(a) Sketch the curve with polar equation .(b) Find a Cartesian equation for this curve.
 SOLUTION(a) In Figure 8 we find the values of for some convenient values of and plot thecorresponding points . Then we join these points to sketch the curve, whichappears to be a circle. We have used only values of between 0 and , since if welet increase beyond , we obtain the same points again.
 (b) To convert the given equation into a Cartesian equation we use Equations 1 and2. From we have , so the equation becomes
 , which gives
 or
 Completing the square, we obtain
 which is an equation of a circle with center and radius 1.
 EXAMPLE 7 Sketch the curve .
 SOLUTION Instead of plotting points as in Example 6, we first sketch the graph ofin Cartesian coordinates in Figure 10 (on page A62) by shifting the r � 1 � sin �
 r � 1 � sin �
 O
 y
 x2
 ¨
 r
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 Q
 FIGURE 9
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 Double Integrals in Polar Coordinates
 Suppose that we want to evaluate a double integral∫∫R f(x, y)dA,
 where R is one of the regions shown in Figure. In either case thedescription of in terms of rectangular coordinates is rather complicatedbut R is easily described using polar coordinates.
 Suppose that we want to evaluate a double integral , where is one ofthe regions shown in Figure 1. In either case the description of in terms of rectan-gular coordinates is rather complicated but is easily described using polar coordinates.
 Recall from Figure 2 that the polar coordinates of a point are related to the rec-tangular coordinates by the equations
 The regions in Figure 1 are special cases of a polar rectangle
 which is shown in Figure 3. In order to compute the double integral ,where is a polar rectangle, we divide the interval into subintervals of equal width and we divide the interval into subintervals
 of equal width . Then the circles and the rays divide the polar rectangle R into the small polar rectangles shown in Figure 4.
 FIGURE 3Polar rectangle
 FIGURE 4Dividing R into polar subrectangles
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 SECTION 12.4 DOUBLE INTEGRALS IN POLAR COORDINATES � 863
 Double Integrals in Polar Coordinates � � � � � � � � � �12.4
 � See Appendix H for information about polar coordinates.
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 Suppose that we want to evaluate a double integral , where is one ofthe regions shown in Figure 1. In either case the description of in terms of rectan-gular coordinates is rather complicated but is easily described using polar coordinates.
 Recall from Figure 2 that the polar coordinates of a point are related to the rec-tangular coordinates by the equations
 The regions in Figure 1 are special cases of a polar rectangle
 which is shown in Figure 3. In order to compute the double integral ,where is a polar rectangle, we divide the interval into subintervals of equal width and we divide the interval into subintervals
 of equal width . Then the circles and the rays divide the polar rectangle R into the small polar rectangles shown in Figure 4.
 FIGURE 3Polar rectangle
 FIGURE 4Dividing R into polar subrectangles
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 � See Appendix H for information about polar coordinates.
 O
 y
 x
 ¨
 x
 yr
 P(r, ̈ )=P(x, y)
 FIGURE 2
 Recall that the polar coordinates of a point are related to the rectangularcoordinates by the equations x2 + y2 = r2, x = r cos(θ) andy = r sin(θ). The regions in Figure are special cases of a polar rectangle
 R = {(x, y) : a ≤ r ≤ b, α ≤ θ ≤ β}.
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Double Integrals in Polar Coordinates
 Change to Polar Coordinates in a Double Integral
 If f is continuous on a polar rectangle R given by 0 ≤ a ≤ r ≤ b,α ≤ θ ≤ β, where 0 ≤ β − α ≤ 2π, then∫∫
 Rf(x, y)dA =
 ∫ β
 α
 ∫ b
 af (r cos(θ), r sin(θ)) rdrdθ. (10)
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Double Integrals in Polar Coordinates
 Example 18
 Evaluate∫∫R(3x+ 4y2)dA, where R is the region in the upper half-plane
 bounded by the circles x2 + y2 = 1 and x2 + y2 = 4.
 Solution.The region R can be described asR = {(x, y) : y ≥ 0, 1 ≤ x2 + y2 ≤ 4}. It is the half-ring,R = {(r, θ) : 1 ≤ r ≤ 2, 0 ≤ θ ≤ π}. Therefore, by (10),∫∫
 R(3x+ 4y2)dA =
 ∫ π
 0
 ∫ 2
 1
 (3r cos(θ) + 4r2 sin2(θ)
 )rdrdθ =
 15π
 2.
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Double Integrals in Polar Coordinates
 Example 19
 Find the volume of the solid bounded by the plane z = 0 and theparaboloid z = 1− x2 − y2.
 Solution.If we put z = 0 in the equation of the paraboloid, we get x2 + y2 = 1.This means that the plane intersects the paraboloid in the circlex2 + y2 = 1, so the solid lies under the paraboloid and above the circulardisk D given by x2 + y2 ≤ 1.
 The formula in (2) says that we convert from rectangular to polar coordinates in a double integral by writing and , using the appropriate limits of
 | integration for and , and replacing by . Be careful not to forget the addi-tional factor r on the right side of Formula 2. A classical method for remembering thisis shown in Figure 5, where the “infinitesimal” polar rectangle can be thought of as anordinary rectangle with dimensions and and therefore has “area”
 EXAMPLE 1 Evaluate , where is the region in the upper half-planebounded by the circles and .
 SOLUTION The region can be described as
 It is the half-ring shown in Figure 1(b), and in polar coordinates it is given by, . Therefore, by Formula 2,
 EXAMPLE 2 Find the volume of the solid bounded by the plane and the parabo-loid .
 SOLUTION If we put in the equation of the paraboloid, we get . Thismeans that the plane intersects the paraboloid in the circle , so the solidlies under the paraboloid and above the circular disk given by [seeFigures 6 and 1(a)]. In polar coordinates is given by , .Since , the volume is
 If we had used rectangular coordinates instead of polar coordinates, then we wouldhave obtained
 which is not easy to evaluate because it involves finding the following integrals:
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 � Here we use trigonometric identity
 as discussed in Section 5.7. Alterna-tively, we could have used Formula 63in the Table of Integrals:
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Double Integrals in Polar Coordinates
 Solution (cont.)
 Since z = 1− r2 and D = {(r, θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π}, the volumeis:
 V =
 ∫∫D
 (1− x2 − y2
 )dA =
 ∫ 2π
 0
 ∫ 1
 0
 (1− r2
 )rdrdθ =
 π
 2.
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Double Integrals in Polar Coordinates
 What we have done so far can be extended tothe more complicated type of region shown inFigure. It’s similar to the Type II rectangularregions considered in previous sections.
 What we have done so far can be extended to the more complicated type of regionshown in Figure 7. It’s similar to the type II rectangular regions considered in Sec-tion 12.3. In fact, by combining Formula 2 in this section with Formula 12.3.5, weobtain the following formula.
 If is continuous on a polar region of the form
 then
 In particular, taking , , and in this formula, wesee that the area of the region bounded by , , and is
 and this agrees with Formula 3 in Appendix H.2.
 EXAMPLE 3 Find the volume of the solid that lies under the paraboloid ,above the -plane, and inside the cylinder .
 SOLUTION The solid lies above the disk whose boundary circle has equationor, after completing the square,
 (see Figures 8 and 9). In polar coordinates we have and ,so the boundary circle becomes , or . Thus, the disk isgiven by
 and, by Formula 3, we have
 Using Formula 74 in the Table of Integrals with , we get
 � 6 y��2
 0 cos2� d�
 V � 8 y��2
 0 cos4� d� � 8�1
 4 cos3� sin �]0
 ��2� 3
 4 y� �2
 0cos2� d��
 n � 4
 � 8 y��2
 0 cos4� d�
 � y��2
 ���2   r 4
 4 �0
 2 cos �
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 0 r 2 r dr d�
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 Dr � 2 cos �r 2 � 2r cos �x � r cos �x 2 � y 2 � r 2
 �x � 1�2 � y 2 � 1
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 �
 r 2
 2 �0
 h���
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 1 dA � y
 � y
 h���
 0 r dr d�
 r � h���� �  � � �Dh2��� � h���h1��� � 0f �x, y� � 1
 yyD
 f �x, y� dA � y
 � y
 h2���
 h1��� f �r cos �, r sin �� r dr d�
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 If f is continuous on a polar region of the form
 D = {(r, θ) : α ≤ θ ≤ β, h1(θ) ≤ r ≤ h2(θ)},
 then ∫∫Df(x, y)dA =
 ∫ β
 α
 ∫ h2(θ)
 h1(θ)f(r cos(θ), r sin(θ)
 )rdrdθ. (11)
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Double Integrals in Polar Coordinates
 Example 20
 Find the volume of the solid that lies under the paraboloid z = x2 + y2,above the xy-plane, and inside the cylinder x2 + y2 = 2x.
 Solution.
 What we have done so far can be extended to the more complicated type of regionshown in Figure 7. It’s similar to the type II rectangular regions considered in Sec-tion 12.3. In fact, by combining Formula 2 in this section with Formula 12.3.5, weobtain the following formula.
 If is continuous on a polar region of the form
 then
 In particular, taking , , and in this formula, wesee that the area of the region bounded by , , and is
 and this agrees with Formula 3 in Appendix H.2.
 EXAMPLE 3 Find the volume of the solid that lies under the paraboloid ,above the -plane, and inside the cylinder .
 SOLUTION The solid lies above the disk whose boundary circle has equationor, after completing the square,
 (see Figures 8 and 9). In polar coordinates we have and ,so the boundary circle becomes , or . Thus, the disk isgiven by
 and, by Formula 3, we have
 Using Formula 74 in the Table of Integrals with , we get
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 The solid lies above the disk D whose bound-ary circle has equation x2 + y2 = 2x or, aftercompleting the square,
 (x− 1)2 + y2 = 1.
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Double Integrals in Polar Coordinates
 Solution (cont.)
 In polar coordinates we have x2 + y2 = r2 and x = r cos θ so theboundary circle becomes r2 = 2r cos θ, or r = 2 cos θ. Thus, the disk Dis given by
 D = {(r, θ)| − π/2 ≤ θ ≤ π/2, 0 ≤ r ≤ 2 cos θ}
 What we have done so far can be extended to the more complicated type of regionshown in Figure 7. It’s similar to the type II rectangular regions considered in Sec-tion 12.3. In fact, by combining Formula 2 in this section with Formula 12.3.5, weobtain the following formula.
 If is continuous on a polar region of the form
 then
 In particular, taking , , and in this formula, wesee that the area of the region bounded by , , and is
 and this agrees with Formula 3 in Appendix H.2.
 EXAMPLE 3 Find the volume of the solid that lies under the paraboloid ,above the -plane, and inside the cylinder .
 SOLUTION The solid lies above the disk whose boundary circle has equationor, after completing the square,
 (see Figures 8 and 9). In polar coordinates we have and ,so the boundary circle becomes , or . Thus, the disk isgiven by
 and, by Formula 3, we have
 Using Formula 74 in the Table of Integrals with , we get
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 V = 8
 ∫∫D
 (x2 + y2)dA
 =
 ∫ π/2
 −π/2
 ∫ 2 cos θ
 0r2rdrdθ
 =
 ∫ π/2
 −π/2
 [r4
 4
 ]2 cos θ0
 drdθ
 = 4
 ∫ π/2
 −π/2cos4 θdθ =
 3π
 2.

Page 54
                        

Change of Variables in Multiple Integrals
 Change of Variables in Multiple Integrals
 A change of variables can also be useful in double integrals. We havealready seen one example of this: conversion to polar coordinates. Thenew variables r and θ are related to the old variables x and y by theequations
 x = r cos θ y = r sin θ
 and the change of variables formula can be written as∫∫R
 f(x, y)dA =
 ∫∫S
 f(r cos θ, r sin θ)rdrdθ
 where S is the region in the rθ-plane that corresponds to the region Rxy-plane.
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Change of Variables in Multiple Integrals
 More generally, we consider a change of variables that is given by atransformation T from the uv-plane to the xy-plane:
 T (u, v) = (x, y)
 where x and y are related to u and v by the equations
 x = g(u, v) y = h(u, v) (12)
 or, as we sometimes write,
 x = x(u, v) y = y(u, v).
 We usually assume that T is a C1 transformation, which means that gand h have continuous first-order partial derivatives.
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Change of Variables in Multiple Integrals
 A transformation T is really just a function whose domain and range areboth subsets of R2.
 If T (u1, v1) = (x1, y1), then the point (x1, y1) is called the image of thepoint (u1, v1).
 If no two points have the same image, T is called one-to-one.
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Change of Variables in Multiple Integrals
 T transforms S into a region R in the xy-plane called the image of S,image of S.
 A change of variables can also be useful in double integrals. We have already seen one example of this: conversion to polar coordinates. The new variables and arerelated to the old variables and by the equations
 and the change of variables formula (12.4.2) can be written as
 where is the region in the -plane that corresponds to the region in the -plane.More generally, we consider a change of variables that is given by a transforma-
 tion from the -plane to the -plane:
 where and are related to and by the equations
 or, as we sometimes write,
 We usually assume that is a C transformation, which means that and have con-tinuous first-order partial derivatives.
 A transformation is really just a function whose domain and range are both sub-sets of . If , then the point is called the image of the point
 . If no two points have the same image, is called one-to-one. Figure 1 showsthe effect of a transformation on a region in the -plane. transforms into aregion in the -plane called the image of S, consisting of the images of all pointsin .
 If is a one-to-one transformation, then it has an inverse transformationfrom the -plane to the -plane and it may be possible to solve Equations 3 for and in terms of and :
 EXAMPLE 1 A transformation is defined by the equations
 Find the image of the square , .0 � v � 1S � ��u, v� 0 � u � 1
 y � 2uvx � u 2 � v2
 v � H�x, y�u � G�x, y�
 yxvuuvxy
 T�1T
 0
 √
 0
 y
 u x
 (u¡, √¡)(x¡, y¡)
 S RT –!
 T
 FIGURE 1
 SxyR
 STuvSTT�u1, v1��x1, y1�T�u1, v1� � �x1, y1�� 2
 T
 ht1T
 y � y�u, v�x � x�u, v�
 y � h�u, v�x � t�u, v�3
 vuyx
 T�u, v� � �x, y�
 xyuvT
 xyRr�S
 yyR
 f �x, y� dA � yyS
 f �r cos �, r sin �� r dr d�
 y � r sin �x � r cos �
 yx�r
 902 � CHAPTER 12 MULTIPLE INTEGRALS
 If T is a one-to-one transformation, then it has an inversetransformation T−1 from the xy-plane to the uv-plane and it may bepossible to solve Equations (12) for u and v in terms of x and y:
 u = G(x, y) v = H(x, y).
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Change of Variables in Multiple Integrals
 Now let’s see how a change of variables affects a double integral. Westart with a small rectangle S in the uv-plane whose lower left corner isthe point (u0, v0) and whose dimensions are ∆u and ∆v.
 SOLUTION The transformation maps the boundary of into the boundary of the image.So we begin by finding the images of the sides of . The first side, , is given by
 . (See Figure 2.) From the given equations we have ,, and so . Thus, is mapped into the line segment from toin the -plane. The second side, is and, putting
 in the given equations, we get
 Eliminating , we obtain
 which is part of a parabola. Similarly, is given by , whoseimage is the parabolic arc
 Finally, is given by whose image is , , that is,. (Notice that as we move around the square in the counterclockwise
 direction, we also move around the parabolic region in the counterclockwise direc-tion.) The image of is the region (shown in Figure 2) bounded by the -axis andthe parabolas given by Equations 4 and 5.
 Now let’s see how a change of variables affects a double integral. We start with asmall rectangle in the -plane whose lower left corner is the point andwhose dimensions are and . (See Figure 3.)
 The image of is a region in the -plane, one of whose boundary points is. The vector
 is the position vector of the image of the point . The equation of the lower sideof is , whose image curve is given by the vector function . The tangentvector at to this image curve is
 ru � tu�u0, v0 � i � hu�u0, v0 � j ��x
 �u i �
 �y
 �u j
 �x0, y0 �r�u, v0�v � v0S
 �u, v�
 r�u, v� � t�u, v� i � h�u, v� j
 �x0, y0 � � T�u0, v0 �xyRS
 FIGURE 3
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 The image of S is a region R in the xy-plane, one of whose boundarypoints is (x0, y0) = T (u0, v0).
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Change of Variables in Multiple Integrals
 Definition 21The Jacobian of the transformation T given by x = g(u, v) andy = h(u, v) is
 ∂(x, y)
 ∂(u, v)=
 ∣∣∣∣∣∣∣∣∣∂x
 ∂u
 ∂x
 ∂v
 ∂y
 ∂u
 ∂y
 ∂v
 ∣∣∣∣∣∣∣∣∣ =∂x
 ∂u
 ∂y
 ∂v− ∂x
 ∂v
 ∂y
 ∂u. (13)
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Change of Variables in Multiple Integrals
 Theorem 22 (Change of Variables in Multiple Integrals)
 Suppose that T is a one-to-one C1 transformation whose Jacobian isnonzero and that maps a region S in the uv-plane onto a region R in thexy-plane. Suppose that f is continuous on R and that R and S are TypeI or Type II plane regions. Then∫∫
 R
 f(x, y)dA =
 ∫∫S
 f(x(u, v), y(u, v))
 ∣∣∣∣∂(x, y)
 ∂(u, v)
 ∣∣∣∣ dudv. (14)
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Change of Variables in Multiple Integrals
 Theorem says that we change from an integral in x and y to an integralin u and v by expressing x and y in terms of u and v and writing
 dA =
 ∣∣∣∣∂(x, y)
 ∂(u, v)
 ∣∣∣∣ dudv.
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Change of Variables in Multiple Integrals
 and the geometry of the transformation is shown in Figure 7. maps an ordinary rect-angle in the -plane to a polar rectangle in the -plane. The Jacobian of is
 Thus, Theorem 9 gives
 which is the same as Formula 12.4.2.
 EXAMPLE 2 Use the change of variables , to evaluate the inte-gral , where is the region bounded by the -axis and the parabolas
 and .
 SOLUTION The region is pictured in Figure 2. In Example 1 we discovered that, where is the square . Indeed, the reason for making the
 change of variables to evaluate the integral is that is a much simpler region than .First we need to compute the Jacobian:
 Therefore, by Theorem 9,
 NOTE � Example 2 was not a very difficult problem to solve because we were givena suitable change of variables. If we are not supplied with a transformation, then thefirst step is to think of an appropriate change of variables. If is difficult to inte-grate, then the form of may suggest a transformation. If the region of integra-tion is awkward, then the transformation should be chosen so that the correspondingregion in the -plane has a convenient description.
 EXAMPLE 3 Evaluate the integral , where is the trapezoidal regionwith vertices , , , and .�0, �1��0, �2��2, 0��1, 0�
 RxxR e �x�y���x�y� dA
 uvSR
 f �x, y�f �x, y�
 � y1
 0 �2v � 4v3 � dv � [v2 � v4 ]0
 1� 2
 � 8 y1
 0y
 1
 0 �u3v � uv3 � du dv � 8 y
 1
 0 [ 1
 4u4v �12 u2v3]u�1
 u�0 dv
 yyR
 y dA � yyS
 2uv � ��x, y���u, v� � dA � y
 1
 0y
 1
 0 �2uv�4�u2 � v 2 � du dv
 ��x, y���u, v�
 � �x
 �u
 �y
 �u
 �x
 �v
 �y
 �v � � 2u
 2v
 �2v
 2u � � 4u 2 � 4v 2 0
 RS�0, 1� � �0, 1�ST�S � � R
 R
 y 2 � 4 � 4xy 2 � 4 � 4xxRxx
 R y dA
 y � 2uvx � u 2 � v2
 � y
 � y
 b
 a f �r cos �, r sin �� r dr d�
 yyR
 f �x, y� dx dy � yyS
 f �r cos �, r sin �� � ��x, y���r, �� � dr d�
 ��x, y���r, ��
 � �x
 �r
 �y
 �r
 �x
 ��
 �y
 �� � � cos �
 sin �
 �r sin �
 r cos � � � r cos2� � r sin2� � r 0
 Txyr�T
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 FIGURE 7The polar coordinate transformation
 0
 y
 x
 ¨=∫ r=b
 ¨=år=a
 ∫å
 R
 0
 ¨
 ∫
 å
 ra b
 ¨=∫
 r=a
 ¨=å
 r=bS
 T
 As a first illustration of the theorem,we show that the formula for inte-gration in polar coordinates is just aspecial case. Here the transformationT from the rθ-plane to the xy-planeis given by
 x = g(r, θ) = r cos θ
 y = h(r, θ) = r sin θ
 and the geometry of the transforma-tion is shown in Figure.
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Change of Variables in Multiple Integrals
 Example 23
 Evaluate the integral
 ∫∫Re(x+y)/(x−y)dA, where R is the trapezoidal
 with vertices (1, 0), (2, 0), (0,−2) and (0,−1).
 Solution.Since it isn’t easy to integrate e(x+y)/(x−y), we make a change ofvariables suggested by the form of this function:
 u = x+ y v = x− y.
 These equations define a transformation T−1 from the xy-plane to theuv-plane. Theorem talks about a transformation T from the uv-plane tothe xy-plane. It is obtained by solving previous equation for x and y:
 x =1
 2(u+ v) y =
 1
 2(u− v).
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Change of Variables in Multiple Integrals
 Solution (cont.)
 The Jacobian of T is
 ∂(x, y)
 ∂(u, v)=
 ∣∣∣∣∣∣∣∂x
 ∂u
 ∂x
 ∂v∂y
 ∂u
 ∂y
 ∂v
 ∣∣∣∣∣∣∣ =
 ∣∣∣∣∣∣∣1
 2
 1
 21
 2−1
 2
 ∣∣∣∣∣∣∣ = −1
 2.
 To find the region in the uv-plane corresponding to R, we note that thesides of R lie on the lines
 y = 0 x− y = 2 x = 0 x− y = 1
 the image lines in uv-plane are
 u = v v = 2 u = −v v = 1.
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Change of Variables in Multiple Integrals
 Solution (cont.)
 Thus, the region S is the trapezoidalregion with vertices (1, 1), (2, 2),(−2, 2) ve (−1, 1) shown in Figure.
 SOLUTION Since it isn’t easy to integrate , we make a change of variablessuggested by the form of this function:
 These equations define a transformation from the -plane to the -plane. Theorem 9 talks about a transformation from the -plane to the -plane. It isobtained by solving Equations 10 for and :
 The Jacobian of is
 To find the region in the -plane corresponding to , we note that the sides of lie on the lines
 and, from either Equations 10 or Equations 11, the image lines in the -plane are
 Thus, the region is the trapezoidal region with vertices , , , andshown in Figure 8. Since
 Theorem 9 gives
 Triple Integrals
 There is a similar change of variables formula for triple integrals. Let be a transfor-mation that maps a region in -space onto a region in -space by means ofthe equations
 z � k�u, v, w�y � h�u, v, w�x � t�u, v, w�
 xyzRuvwST
 � 12 y
 2
 1 �e � e�1 �v dv � 3
 4 �e � e�1 �
 � y2
 1 y
 v
 �v eu�v( 1
 2 ) du dv � 12 y
 2
 1 [veu�v ]u��v
 u�v dv
 yyR
 e �x�y���x�y� dA � yyS
 eu�v � ��x, y���u, v� � du dv
 S � ��u, v� 1 � v � 2, �v � u � v
 ��1, 1���2, 2��2, 2��1, 1�S
 v � 1u � �vv � 2u � v
 uv
 x � y � 1x � 0x � y � 2y � 0
 RRuvS
 ��x, y���u, v�
 � �x
 �u
 �y
 �u
 �x
 �v
 �y
 �v � � 1212
 �12
 �12
 � � �12
 T
 y � 12 �u � v�x � 1
 2 �u � v�11
 yxxyuvT
 uvxyT�1
 v � x � yu � x � y10
 e �x�y���x�y�
 SECTION 12.9 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS � 907
 FIGURE 8
 T T –!
 0
 √
 u
 (_2, 2) (2, 2)
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 √=2
 √=1
 u=√u=_√ S
 0
 y
 _1
 _2
 x
 1 2
 x-y=2
 x-y=1
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Change of Variables in Multiple Integrals
 Solution (cont.)
 SinceS = {(u, v)|1 ≤ v ≤ 2,−v ≤ u ≤ v}
 Theorem gives∫∫Re(x+y)/(x−y)dA =
 ∫∫Seu/v
 ∣∣∣∣∂(x, y)
 ∂(u, v)
 ∣∣∣∣ dudv=
 ∫ 2
 1
 ∫ v
 −veu/v
 (1
 2
 )dudv
 =1
 2
 ∫ 2
 1
 [veu/v
 ]u=vu=−v
 dv
 =1
 2
 ∫ 2
 1(e− e−1)vdv
 =3
 4(e− e−1).
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Change of Variables in Multiple Integrals
 Example 24
 Evaluate the integral
 ∫∫RxydA by making appropriate change of
 variables where R is the region bounded by the lines 2x− y = 1,2x− y = −3, 3x+ y = 1 ve 3x+ y = −2.
 Solution.We make change of variables suggested by the form of the equationsenclosing the region:
 u = 2x− y v = 3x+ y.
 These equations define a transformation T−1 from the xy-plane to theuv-plane. Theorem talks about a transformation T from the uv-plane tothe xy-plane. It is obtained by solving previous equation for x and y:
 x =1
 5(u+ v) y =
 1
 5(2v − 3u).
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Change of Variables in Multiple Integrals
 Solution (cont.)
 The Jacobian of T is
 ∂(x, y)
 ∂(u, v)=
 ∣∣∣∣∣∣∣∂x
 ∂u
 ∂x
 ∂v∂y
 ∂u
 ∂y
 ∂v
 ∣∣∣∣∣∣∣ =
 ∣∣∣∣∣∣∣1
 5
 1
 5
 −3
 5
 2
 5
 ∣∣∣∣∣∣∣ =1
 5.
 To find the region in the uv-plane corresponding to R, we note that thesides of R lie on the lines
 2x− y = 1 2x− y = −3 3x+ y = 1 3x+ y = −2
 the image lines in uv-plane are
 u = 1 u = −3 v = 1 v = −2.
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Change of Variables in Multiple Integrals
 Solution (cont.)
 SinceS = {(u, v)| − 2 ≤ v ≤ 1,−3 ≤ u ≤ 1}
 Theorem gives∫∫RxydA =
 ∫∫S
 1
 25(u+ v)(2v − 3u)
 ∣∣∣∣∂(x, y)
 ∂(u, v)
 ∣∣∣∣ dudv=
 1
 25
 ∫ 1
 −2
 ∫ 1
 −3(3u2 + 2v2 − uv)
 (1
 5
 )dudv
 =1
 125
 ∫ 1
 −2
 [u3 + 2v2u− u2
 2v
 ]u=1
 u=−3dv
 =1
 125
 ∫ 1
 −2(−8v2 − 4v − 28)dv
 = − 66
 125.
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Triple Integrals
 Triple Integrals
 Just as we defined single integrals for functions of one variable anddouble integrals for functions of two variables, so we can define tripleintegrals for functions of three variables. Let’s first deal with the simplestcase where f is defined on a rectangular box:
 B = {(x, y, z)|a ≤ x ≤ b, c ≤ y ≤ d, r ≤ z ≤ s}.
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Triple Integrals
 Triple Integrals � � � � � � � � � � � � � � � �
 Just as we defined single integrals for functions of one variable and double integralsfor functions of two variables, so we can define triple integrals for functions of threevariables. Let’s first deal with the simplest case where is defined on a rectangular box:
 The first step is to divide B into sub-boxes. We do this by dividing the interval into l subintervals of equal width , dividing into m subintervals ofwidth , and dividing into n subintervals of width . The planes through theendpoints of these subintervals parallel to the coordinate planes divide the box into
 sub-boxes
 which are shown in Figure 1. Each sub-box has volume .Then we form the triple Riemann sum
 where the sample point is in . By analogy with the definition of adouble integral (12.1.5), we define the triple integral as the limit of the triple Riemannsums in (2).
 Definition The triple integral of over the box is
 if this limit exists.
 Again, the triple integral always exists if is continuous. We can choose the samplepoint to be any point in the sub-box, but if we choose it to be the point weget a simpler-looking expression for the triple integral:
 Just as for double integrals, the practical method for evaluating triple integrals is toexpress them as iterated integrals as follows.
 Fubini’s Theorem for Triple Integrals If is continuous on the rectangular box, then
 yyyB
 f �x, y, z� dV � ys
 r y
 d
 c y
 b
 a f �x, y, z� dx dy dz
 B � �a, b� � �c, d � � �r, s�f4
 yyyB
 f �x, y, z� dV � lim l, m, n l �
 �l
 i�1 �
 m
 j�1 �
 n
 k�1 f �xi, yj, zk � �V
 �xi, yj, zk �f
 yyyB
 f �x, y, z� dV � lim l, m, n l �
 �l
 i�1 �
 m
 j�1 �
 n
 k�1 f �xi jk* , yi jk* , zi jk* � �V
 Bf3
 Bi jk�xi jk* , yi jk* , zi jk* �
 �l
 i�1 �
 m
 j�1 �
 n
 k�1 f �xijk* , yijk* , zijk* � �V2
 �V � �x �y �z
 Bi jk � �xi�1, xi� � �yj�1, yj� � �zk�1, zk�
 lmnB
 �z�r, s��y�c, d ��x�xi�1, xi �
 �a, b�
 B � ��x, y, z� a � x � b, c � y � d, r � z � s1
 f
 12.7
 SECTION 12.7 TRIPLE INTEGRALS � 883
 FIGURE 1
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 yx
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 Bijk
 ÎxÎy
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 The first step is to divide B into sub-boxes.We do this by dividing the interval [a, b]into l subintervals [xi−1, xi] of equal width∆x, dividing [c, d] into m subintervals ofwidth ∆y, and dividing [r, s] into n subin-tervals of width ∆z. The planes throughthe endpoints of these subintervals parallelto the coordinate planes divide the box Binto lmn sub-boxes
 Bijk = [xi−1, xi]× [yi−1, yi]× [zi−1, zi].
 Each sub-box has volume ∆V =∆x∆y∆z.
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Triple Integrals
 Then we form the triple Riemann sum
 l∑i=1
 m∑j=1
 n∑k=1
 f(x∗ijk, y∗ijk, z
 ∗ijk)∆V
 where the sample point (x∗ijk, y∗ijk, z
 ∗ijk) is in Bijk. By analogy with the
 definition of a double integral, we define the triple integral as the limit ofthe triple Riemann sums.
 Definition 25The triple integral of f over the box B is∫∫∫
 Bf(x, y, z)dV = lim
 l,m,n→∞
 l∑i=1
 m∑j=1
 n∑k=1
 f(x∗ijk, y∗ijk, z
 ∗ijk)∆V
 if limit exists.
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Triple Integrals
 Just as for double integrals, the practical method for evaluating tripleintegrals is to express them as iterated integrals as follows.
 Theorem 26 (Fubini’s Theorem for Triple Integrals)
 If f is continuous on the rectangular box B = [a, b]× [c, d]× [r, s], then∫∫∫Bf(x, y, z)dV =
 ∫ b
 a
 ∫ d
 c
 ∫ s
 rf(x, y, z)dxdydz
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Triple Integrals
 The iterated integral on the right side of Fubini’s Theorem means thatwe integrate first with respect to x (keeping y and z fixed), then weintegrate with respect to y (keeping z fixed), and finally we integratewith respect to z. There are five other possible orders in which we canintegrate, all of which give the same value. For instance, if we integratewith respect to y, then z, and then x, we have∫∫∫
 Bf(x, y, z)dV =
 ∫ d
 c
 ∫ s
 r
 ∫ b
 af(x, y, z)dydzdx
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Triple Integrals
 Example 27
 Evaluate the triple integral
 ∫∫∫Bxyz2dV , where B is the rectangular
 box given by B = {(x, y, z)|0 ≤ x ≤ 0,−1 ≤ y ≤ 2, 0 ≤ z ≤ 3}.
 Solution.We could use any of the six possible orders of integration. If we chooseto integrate with respect to x, then y, and then z, we obtain∫∫∫
 Bxyz2dV =
 ∫ 3
 0
 ∫ 2
 −1
 ∫ 1
 0xyz2dxdydz =
 ∫ 3
 0
 ∫ 2
 −1
 [x2yz2
 2
 ]x=1
 x=0
 dydz
 =
 ∫ 3
 0
 ∫ 2
 −1
 [yz2
 2
 ]dydz =
 ∫ 3
 0
 [y2z2
 4
 ]y=2
 y=−1dz
 =
 ∫ 3
 0
 [3z2
 4
 ]dz =
 [z3
 4
 ]=
 27
 4.
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Triple Integrals
 Now we define the triple integral over a general bounded region E inthree-dimensional space (a solid) by much the same procedure that weused for double integrals. We enclose E in a rectangular box B. Then wedefine a function F so that it agrees with f on E but is 0 for points in Bthat are outside E. By definition,∫∫∫
 Ef(x, y, z)dV =
 ∫∫∫Bf(x, y, z)dV.

Page 77
                        

Triple Integrals
 We restrict our attention to continuous functions f and to certain simpletypes of regions. A solid region E is said to be of Type 1 if it liesbetween the graphs of two continuous functions of x and y, that is,
 E = {(x, y, z)|(x, y) ∈ D,u1(x, y) ≤ z ≤ u2(x, y)}where D is the projection of E onto the xy-plane as shown in Figure.Notice that the upper boundary of the solid E is the surface withequation z = u2(x, y), while the lower boundary is the surfacez = u1(x, y).
 The iterated integral on the right side of Fubini’s Theorem means that we integratefirst with respect to (keeping and fixed), then we integrate with respect to (keep-ing fixed), and finally we integrate with respect to . There are five other possibleorders in which we can integrate, all of which give the same value. For instance, if weintegrate with respect to , then , and then , we have
 EXAMPLE 1 Evaluate the triple integral , where is the rectangular boxgiven by
 SOLUTION We could use any of the six possible orders of integration. If we choose tointegrate with respect to , then , and then , we obtain
 Now we define the triple integral over a general bounded region E in three-dimensional space (a solid) by much the same procedure that we used for double integrals (12.3.2). We enclose in a box of the type given by Equation 1. Then wedefine a function so that it agrees with on but is 0 for points in that are out-side . By definition,
 This integral exists if is continuous and the boundary of is “reasonably smooth.”The triple integral has essentially the same properties as the double integral (Proper-ties 6–9 in Section 12.3).
 We restrict our attention to continuous functions and to certain simple types ofregions. A solid region is said to be of type 1 if it lies between the graphs of twocontinuous functions of and , that is,
 where is the projection of onto the -plane as shown in Figure 2. Notice that theupper boundary of the solid is the surface with equation , while thelower boundary is the surface .
 By the same sort of argument that led to (12.3.3), it can be shown that if is a type 1 region given by Equation 5, then
 yyyE
 f �x, y, z� dV � yyD
 yu2�x, y�
 u1�x, y� f �x, y, z� dz� dA6
 Ez � u1�x, y�
 z � u2�x, y�ExyED
 E � ��x, y, z� �x, y� � D, u1�x, y� � z � u2�x, y�5
 yxE
 f
 Ef
 yyyE
 f �x, y, z� dV � yyyB
 F�x, y, z� dV
 EBEfF
 BE
 � y3
 0 3z2
 4 dz �
 z3
 4 �0
 3
 �27
 4
 � y3
 0 y
 2
 �1 yz2
 2 dy dz � y
 3
 0
 y 2z2
 4 �y��1
 y�2
 dz
 yyyB
 xyz2 dV � y3
 0 y
 2
 �1 y
 1
 0 xyz2 dx dy dz � y
 3
 0
 y2
 �1
 x 2yz2
 2 �x�0
 x�1
 dy dz
 zyx
 B � ��x, y, z� 0 � x � 1, �1 � y � 2, 0 � z � 3
 BxxxB xyz2 dV
 yyyB
 f �x, y, z� dV � yb
 a y
 s
 r y
 d
 c f �x, y, z� dy dz dx
 xzy
 zzyzyx
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 FIGURE 2A type 1 solid region
 z
 0
 xyD
 E
 z=u™ (x, y)
 z=u¡ (x, y)
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Triple Integrals
 It can be shown that if E is a Type 1 region, then∫∫∫Ef(x, y, z)dV =
 ∫∫D
 [∫ u2(x,y)
 u1(x,y)f(x, y, z)dz
 ]dA.
 The meaning of the inner integral on the right side is that x and y areheld fixed, and therefore u1(x, y) and u2(x, y) are regarded as constants,while f(x, y, z) is integrated with respect to z.
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Triple Integrals
 The meaning of the inner integral on the right side of Equation 6 is that and areheld fixed, and therefore and are regarded as constants, while is integrated with respect to .
 In particular, if the projection of onto the -plane is a type I plane region (asin Figure 3), then
 and Equation 6 becomes
 If, on the other hand, is a type II plane region (as in Figure 4), then
 and Equation 6 becomes
 EXAMPLE 2 Evaluate , where is the solid tetrahedron bounded by the fourplanes , , , and .
 SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of the solid region (see Figure 5) and one of its projection on the -plane (see Figure 6). The lower boundary of the tetrahedron is the plane and the upper boundary is the plane (or ), so we use and in Formula 7. Notice that the planes and
 intersect in the line (or ) in the -plane. So the projec-tion of is the triangular region shown in Figure 6, and we have
 This description of as a type 1 region enables us to evaluate the integral as follows:
 � 16 y
 1
 0 �1 � x�3 dx �
 1
 6  �
 �1 � x�4
 4 �0
 1
 �1
 24
 � 12 y
 1
 0
 ��1 � x � y�3
 3 �y�0
 y�1�x
 dx
 � 12 y
 1
 0 y
 1�x
 0 �1 � x � y�2 dy dx
 � y1
 0
 y1�x
 0
 z2
 2 �z�0
 z�1�x�y
 dy dx yyyE
 z dV � y1
 0 y
 1�x
 0 y
 1�x�y
 0 z dz dy dx
 E
 E � ��x, y, z� 0 � x � 1, 0 � y � 1 � x, 0 � z � 1 � x � y9
 Exyy � 1 � xx � y � 1z � 0
 x � y � z � 1u2�x, y� � 1 � x � yu1�x, y� � 0z � 1 � x � yx � y � z � 1
 z � 0xyDE
 x � y � z � 1z � 0y � 0x � 0Exxx
 E z dV
 yyyE
 f �x, y, z� dV � yd
 c y
 h2� y�
 h1� y� y
 u2�x, y�
 u1�x, y� f �x, y, z� dz dx dy8
 E � ��x, y, z� c � y � d, h1�y� � x � h2�y�, u1�x, y� � z � u2�x, y�
 D
 yyyE
 f �x, y, z� dV � yb
 a y
 t2�x�
 t1�x� y
 u2�x, y�
 u1�x, y� f �x, y, z� dz dy dx7
 E � ��x, y, z� a � x � b, t1�x� � y � t2�x�, u1�x, y� � z � u2�x, y�
 xyEDz
 f �x, y, z�u2�x, y�u1�x, y�yx
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 FIGURE 3A type 1 solid region
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 FIGURE 4Another type 1 solid region
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 z
 y
 c d
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 x
 0
 z
 y(1, 0, 0)
 (0, 1, 0)
 (0, 0, 1)
 E
 z=1-x-y
 z=0
 0
 y
 1
 x1y=0
 y=1-x
 D
 FIGURE 6
 In particular, if the projection D of E onto the xy-plane is a Type Iplane region, then
 E = {(x, y, z)|a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x), u1(x, y) ≤ z ≤ u2(x, y)}
 and ∫∫∫Ef(x, y, z)dV =
 ∫ b
 a
 ∫ g2(x)
 g1(x)
 ∫ u2(x,y)
 u1(x,y)f(x, y, z)dzdydx.
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Triple Integrals
 Example 28
 Evaluate
 ∫∫∫EzdV , where E is the solid tetrahedron bounded by the
 four planes x = 0, y = 0, z = 0, and x+ y + z = 1.
 Solution.
 The meaning of the inner integral on the right side of Equation 6 is that and areheld fixed, and therefore and are regarded as constants, while is integrated with respect to .
 In particular, if the projection of onto the -plane is a type I plane region (asin Figure 3), then
 and Equation 6 becomes
 If, on the other hand, is a type II plane region (as in Figure 4), then
 and Equation 6 becomes
 EXAMPLE 2 Evaluate , where is the solid tetrahedron bounded by the fourplanes , , , and .
 SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of the solid region (see Figure 5) and one of its projection on the -plane (see Figure 6). The lower boundary of the tetrahedron is the plane and the upper boundary is the plane (or ), so we use and in Formula 7. Notice that the planes and
 intersect in the line (or ) in the -plane. So the projec-tion of is the triangular region shown in Figure 6, and we have
 This description of as a type 1 region enables us to evaluate the integral as follows:
 � 16 y
 1
 0 �1 � x�3 dx �
 1
 6  �
 �1 � x�4
 4 �0
 1
 �1
 24
 � 12 y
 1
 0
 ��1 � x � y�3
 3 �y�0
 y�1�x
 dx
 � 12 y
 1
 0 y
 1�x
 0 �1 � x � y�2 dy dx
 � y1
 0
 y1�x
 0
 z2
 2 �z�0
 z�1�x�y
 dy dx yyyE
 z dV � y1
 0 y
 1�x
 0 y
 1�x�y
 0 z dz dy dx
 E
 E � ��x, y, z� 0 � x � 1, 0 � y � 1 � x, 0 � z � 1 � x � y9
 Exyy � 1 � xx � y � 1z � 0
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 z � 0xyDE
 x � y � z � 1z � 0y � 0x � 0Exxx
 E z dV
 yyyE
 f �x, y, z� dV � yd
 c y
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 When we set up a triple integral it’s wiseto draw two diagrams: one of the solid re-gion E and one of its projection D on thexy-plane. The lower boundary of the tetra-hedron is the plane z = 0 and the upperboundary is the plane x+ y + z = 1, so weuse u1(x, y) = 0 and u2(x, y) = 1− x− y.
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 Solution.Notice that the planes x+ y + z = 1 and z = 0 intersect in the linex+ y = 1 in the xy-plane. So the projection of E is the triangular regionshown in Figure, and we have
 E = {(x, y, z)|0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, 0 ≤ z ≤ 1− x− y} .
 The meaning of the inner integral on the right side of Equation 6 is that and areheld fixed, and therefore and are regarded as constants, while is integrated with respect to .
 In particular, if the projection of onto the -plane is a type I plane region (asin Figure 3), then
 and Equation 6 becomes
 If, on the other hand, is a type II plane region (as in Figure 4), then
 and Equation 6 becomes
 EXAMPLE 2 Evaluate , where is the solid tetrahedron bounded by the fourplanes , , , and .
 SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of the solid region (see Figure 5) and one of its projection on the -plane (see Figure 6). The lower boundary of the tetrahedron is the plane and the upper boundary is the plane (or ), so we use and in Formula 7. Notice that the planes and
 intersect in the line (or ) in the -plane. So the projec-tion of is the triangular region shown in Figure 6, and we have
 This description of as a type 1 region enables us to evaluate the integral as follows:
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 This description of E as a Type 1 region enables us toevaluate the integral as follows:∫∫∫
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 A solid region E is of Type 2 if it is of the form
 E = {(x, y, z)|(y, z) ∈ D,u1(y, z) ≤ x ≤ u2(y, z)}
 where, this time, D is the projection of E onto the yz-plane. The backsurface is x = u1(y, z), the front surface is x = u2(y, z), and we have∫∫∫
 Ef(x, y, z)dV =
 ∫∫D
 [∫ u2(y,z)
 u1(y,z)f(x, y, z)dx
 ]dA.
 A solid region is of type 2 if it is of the form
 where, this time, is the projection of onto the -plane (see Figure 7). The backsurface is , the front surface is , and we have
 Finally, a type 3 region is of the form
 where is the projection of onto the -plane, is the left surface, andis the right surface (see Figure 8). For this type of region we have
 In each of Equations 10 and 11 there may be two possible expressions for the inte-gral depending on whether is a type I or type II plane region (and corresponding toEquations 7 and 8).
 EXAMPLE 3 Evaluate , where is the region bounded by the parab-oloid and the plane .
 SOLUTION The solid is shown in Figure 9. If we regard it as a type 1 region, then weneed to consider its projection onto the -plane, which is the parabolic region inFigure 10. (The trace of in the plane is the parabola .)
 From we obtain , so the lower boundary surface of is and the upper surface is . Therefore, the descriptionof as a type 1 region is
 and so we obtain
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 Finally Type 3 region is of the form
 E = {(x, y, z)|(x, z) ∈ D,u1(x, z) ≤ y ≤ u2(x, z)}
 where, this time, D is the projection of E onto the xz-plane. The leftsurface is y = u1(x, z), the right surface is y = u2(x, z), and we have∫∫∫
 Ef(x, y, z)dV =
 ∫∫D
 [∫ u2(x,z)
 u1(x,z)f(x, y, z)dy
 ]dA.
 A solid region is of type 2 if it is of the form
 where, this time, is the projection of onto the -plane (see Figure 7). The backsurface is , the front surface is , and we have
 Finally, a type 3 region is of the form
 where is the projection of onto the -plane, is the left surface, andis the right surface (see Figure 8). For this type of region we have
 In each of Equations 10 and 11 there may be two possible expressions for the inte-gral depending on whether is a type I or type II plane region (and corresponding toEquations 7 and 8).
 EXAMPLE 3 Evaluate , where is the region bounded by the parab-oloid and the plane .
 SOLUTION The solid is shown in Figure 9. If we regard it as a type 1 region, then weneed to consider its projection onto the -plane, which is the parabolic region inFigure 10. (The trace of in the plane is the parabola .)
 From we obtain , so the lower boundary surface of is and the upper surface is . Therefore, the descriptionof as a type 1 region is
 and so we obtain
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 Example 29
 Evaluate
 ∫∫∫E
 √x2 + z2dV , where E is the region bounded by the
 paraboloid y = x2 + z2 and the plane y = 4.
 Solution.If we regard the solid E as a Type 1 region, then we need to consider itsprojection D1 onto the xy-plane, which is the parabolic region in theFigure.
 A solid region is of type 2 if it is of the form
 where, this time, is the projection of onto the -plane (see Figure 7). The backsurface is , the front surface is , and we have
 Finally, a type 3 region is of the form
 where is the projection of onto the -plane, is the left surface, andis the right surface (see Figure 8). For this type of region we have
 In each of Equations 10 and 11 there may be two possible expressions for the inte-gral depending on whether is a type I or type II plane region (and corresponding toEquations 7 and 8).
 EXAMPLE 3 Evaluate , where is the region bounded by the parab-oloid and the plane .
 SOLUTION The solid is shown in Figure 9. If we regard it as a type 1 region, then weneed to consider its projection onto the -plane, which is the parabolic region inFigure 10. (The trace of in the plane is the parabola .)
 From we obtain , so the lower boundary surface of is and the upper surface is . Therefore, the descriptionof as a type 1 region is
 and so we obtain
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 A solid region is of type 2 if it is of the form
 where, this time, is the projection of onto the -plane (see Figure 7). The backsurface is , the front surface is , and we have
 Finally, a type 3 region is of the form
 where is the projection of onto the -plane, is the left surface, andis the right surface (see Figure 8). For this type of region we have
 In each of Equations 10 and 11 there may be two possible expressions for the inte-gral depending on whether is a type I or type II plane region (and corresponding toEquations 7 and 8).
 EXAMPLE 3 Evaluate , where is the region bounded by the parab-oloid and the plane .
 SOLUTION The solid is shown in Figure 9. If we regard it as a type 1 region, then weneed to consider its projection onto the -plane, which is the parabolic region inFigure 10. (The trace of in the plane is the parabola .)
 From we obtain , so the lower boundary surface of is and the upper surface is . Therefore, the descriptionof as a type 1 region is
 and so we obtain
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 Solution (cont.)
 From y = x2 + z2 we obtain z = ∓√y − x2, so the lower boundary
 surface of E is z = −√y − x2 and the upper surface is z =
 √y − x2.
 Therefore, the description of E as a Type 1 region is
 E ={
 (x, y, z)| − 2 ≤ x ≤ 2, x2 ≤ y ≤ 4,−√y − x2 ≤ z ≤
 √y − x2
 }and so we obtain∫∫∫
 E
 √x2 + z2dV =
 ∫ 2
 −2
 ∫ 4
 x2
 ∫ √y−x2−√y−x2
 √x2 + z2dzdydx.
 Although this expression is correct, it is extremely difficult to evaluate.
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 Solution (cont.)Although this expression is correct, it is extremely difficult to evaluate. So let’s
 instead consider as a type 3 region. As such, its projection onto the -plane isthe disk shown in Figure 11.
 Then the left boundary of is the paraboloid and the right boundaryis the plane , so taking and in Equation 11, wehave
 Although this integral could be written as
 it’s easier to convert to polar coordinates in the -plane: , .This gives
 Applications of Triple Integrals
 Recall that if , then the single integral represents the area under thecurve from to , and if , then the double integral represents the volume under the surface and above . The correspondinginterpretation of a triple integral , where , is not veryuseful because it would be the “hypervolume” of a four-dimensional object and, ofcourse, that is very difficult to visualize. (Remember that is just the domain of thefunction ; the graph of lies in four-dimensional space.) Nonetheless, the triple inte-gral can be interpreted in different ways in different physical situa-tions, depending on the physical interpretations of , , and .
 Let’s begin with the special case where for all points in . Then thetriple integral does represent the volume of :
 For example, you can see this in the case of a type 1 region by putting in Formula 6:
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 FIGURE 11Projection on xz-plane
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 | The most difficult step in evaluating atriple integral is setting up an expressionfor the region of integration (such asEquation 9 in Example 2). Rememberthat the limits of integration in the innerintegral contain at most two variables,the limits of integration in the middle integral contain at most one variable,and the limits of integration in the outerintegral must be constants.
 Let’s instead consider E as a Type 3 region. Assuch, its projection D3 onto xz-plane is the diskx2 + z2 ≤ 4 shown in Figure. Then the leftboundary of E is the paraboloid y = x2 + z2 andthe right boundary is the plane y = 4, so takingu1(x, z) = x2 + z2 and u2(x, z) = 4, we have∫∫∫
 E
 √x2 + z2dV =
 ∫∫D3
 [∫ 4
 x2+z2
 √x2 + z2dy
 ]dA
 =
 ∫∫D3
 (4− x2 − z2)√x2 + z2dA.
 Although this integral could be written as∫ 2
 −2
 ∫ 4−x2
 −√4−x2
 (4− x2 − z2)√x2 + z2dzdx
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 Solution (cont.)
 it’s easier to convert to polar coordinates in the xz-plane: x = r cos θ,z = r sin θ. This gives∫∫∫
 E
 √x2 + z2dV =
 ∫∫D3
 (4− x2 − z2)√x2 + z2dA
 =
 ∫ 2π
 0
 ∫ 2
 0(4− r2)rrdrdθ
 =
 ∫ 2π
 0
 ∫ 2
 0(4r2 − r4)drdθ
 =128π
 15.
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Triple Integrals Applications of Triple Integrals
 Applications of Triple Integrals
 Recall that if f(x) ≥ 0, then the single integral∫ ba f(x)dx represents the
 area under the curve y = f(x) from a to b, and if f(x, y) ≥ 0, then thedouble integral
 ∫∫D f(x, y)dA represents the volume under the surface
 z = f(x, y) and above D.
 The corresponding interpretation of a triple integral∫∫∫
 E f(x, y, z)dV ,where f(x, y, z) ≥ 0, is not very useful because it would be the“hypervolume” of a four-dimensional object and, of course, that is verydifficult to visualize. (Remember that E is just the domain of thefunction f ; the graph of f lies in four-dimensional space.)
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Triple Integrals Applications of Triple Integrals
 Let’s begin with the special case where f(x, y, z) = 1 for all points in E.Then the triple integral does represent the volume of E:∫∫∫
 EdV.
 For example, you can see this in the case of a Type 1 region by puttingf(x, y, z) = 1 in a triple integral:∫∫∫
 E1dV =
 ∫∫D
 [∫ u2(x,y)
 u1(x,y)dz
 ]dA =
 ∫∫D
 [u2(x, y)− u1(x, y)]dA
 and from the previous sections we know this represents the volume thatlies between the surfaces z = u1(x, y) and z = u2(x, y).
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Triple Integrals Applications of Triple Integrals
 Example 30
 Use a triple integral to find the volume of the tetrahedron T bounded bythe planes x+ 2y + z = 2, x = 2y, x = 0, and z = 0.
 Solution.
 and from Section 12.3 we know this represents the volume that lies between the sur-faces and .
 EXAMPLE 4 Use a triple integral to find the volume of the tetrahedron bounded bythe planes , , , and .
 SOLUTION The tetrahedron and its projection on the -plane are shown in Figures 12 and 13. The lower boundary of is the plane and the upper boundary is the plane , that is, . Therefore, we have
 by the same calculation as in Example 4 in Section 12.3.
 (Notice that it is not necessary to use triple integrals to compute volumes. Theysimply give an alternative method for setting up the calculation.)
 All the applications of double integrals in Section 12.5 can be immediately ex-tended to triple integrals. For example, if the density function of a solid object thatoccupies the region is , in units of mass per unit volume, at any given point
 , then its mass is
 and its moments about the three coordinate planes are
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 and from Section 12.3 we know this represents the volume that lies between the sur-faces and .
 EXAMPLE 4 Use a triple integral to find the volume of the tetrahedron bounded bythe planes , , , and .
 SOLUTION The tetrahedron and its projection on the -plane are shown in Figures 12 and 13. The lower boundary of is the plane and the upper boundary is the plane , that is, . Therefore, we have
 by the same calculation as in Example 4 in Section 12.3.
 (Notice that it is not necessary to use triple integrals to compute volumes. Theysimply give an alternative method for setting up the calculation.)
 All the applications of double integrals in Section 12.5 can be immediately ex-tended to triple integrals. For example, if the density function of a solid object thatoccupies the region is , in units of mass per unit volume, at any given point
 , then its mass is
 and its moments about the three coordinate planes are
 Mxy � yyyE
 z��x, y, z� dV
 Mxz � yyyE
 y��x, y, z� dVMyz � yyyE
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 0 dz dy dx
 z � 2 � x � 2yx � 2y � z � 2z � 0T
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 Solution (cont.)
 The lower boundary of T is the plane z = 0 and upper boundary is theplane x+ 2y + z = 2, that is, z = 2− x− 2y. Therefore, we have
 V (T ) =
 ∫∫∫TdV =
 ∫ 1
 0
 ∫ 1−x/2
 x/2
 ∫ 2−x−2y
 0dzdydx
 =
 ∫ 1
 0
 ∫ 1−x/2
 x/2(2− x− 2y)dydx =
 1
 3.
 Notice that it is not necessary to use triple integrals to compute volumes.They simply give an alternative method for setting up the calculation.
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 Triple Integrals in Cylindrical and Spherical CoordinatesCylindrical Coordinates
 In the cylindrical coordinate system, a point P in three-dimensionalspace is represented by the ordered triple (r, θ, z), where r and θ arepolar coordinates of the projection of P onto xy-plane and z is thedirected distance from the xy-plane to P .
 Triple Integrals in Cylindrical and Spherical Coordinates � � � �
 We saw in Section 12.4 that some double integrals are easier to evaluate using polarcoordinates. In this section we see that some triple integrals are easier to evaluateusing cylindrical or spherical coordinates.
 Cylindrical Coordinates
 Recall from Section 9.7 that the cylindrical coordinates of a point are , where, , and are shown in Figure 1. Suppose that is a type 1 region whose projection
 on the -plane is conveniently described in polar coordinates (see Figure 2). In par-ticular, suppose that is continuous and
 where is given in polar coordinates by
 FIGURE 2
 0
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 x
 yD
 r=h¡(¨)
 r=h™(¨)
 z=u™(x, y)
 z=u¡(x, y)
 D � ��r, �� � � � �  , h1��� � r � h2���
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 E � ��x, y, z� �x, y� � D, u1�x, y� � z � u2�x, y�
 fxyD
 Ez�r�r, �, z�P
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 Volumes of Hyperspheres
 In this project we find formulas for the volume enclosed by a hypersphere in -dimensionalspace.
 1. Use a double integral and the trigonometric substitution , together with Formula 64 in the Table of Integrals, to find the area of a circle with radius .
 2. Use a triple integral and trigonometric substitution to find the volume of a sphere with radius .
 3. Use a quadruple integral to find the hypervolume enclosed by the hyperspherein . (Use only trigonometric substitution and the reduction
 formulas for or .)
 4. Use an -tuple integral to find the volume enclosed by a hypersphere of radius in -dimensional space . [Hint: The formulas are different for even and odd.]nn�nn
 rn
 x cosnx dxx sinnx dx�4x 2 � y 2 � z 2 � w 2 � r 2
 r
 ry � r sin �
 n
 DiscoveryProject
 FIGURE 1
 z
 0
 x
 y
 P(r, ̈ , z)
 r
 z¨
 To convert from cylindrical to rectangular co-ordinates we use the equations
 x = r cos θ y = r sin θ z = z
 whereas to convert from rectangular to cylin-drical coordinates we use
 r2 = x2 + y2 tan θ =y
 xz = z.
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 Suppose that E is a Type 1 region whose projection D on the xy-plane isconveniently described in polar coordinates. In particular, suppose that fis continuous and
 E = {(x, y, z)|(x, y) ∈ D,u1(x, y) ≤ z ≤ u2(x, y)}
 where D is given in polar coordinates by
 D = {(r, θ)|α ≤ θ ≤ β, h1(θ) ≤ r ≤ h2(θ)}.
 Triple Integrals in Cylindrical and Spherical Coordinates � � � �
 We saw in Section 12.4 that some double integrals are easier to evaluate using polarcoordinates. In this section we see that some triple integrals are easier to evaluateusing cylindrical or spherical coordinates.
 Cylindrical Coordinates
 Recall from Section 9.7 that the cylindrical coordinates of a point are , where, , and are shown in Figure 1. Suppose that is a type 1 region whose projection
 on the -plane is conveniently described in polar coordinates (see Figure 2). In par-ticular, suppose that is continuous and
 where is given in polar coordinates by
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 Volumes of Hyperspheres
 In this project we find formulas for the volume enclosed by a hypersphere in -dimensionalspace.
 1. Use a double integral and the trigonometric substitution , together with Formula 64 in the Table of Integrals, to find the area of a circle with radius .
 2. Use a triple integral and trigonometric substitution to find the volume of a sphere with radius .
 3. Use a quadruple integral to find the hypervolume enclosed by the hyperspherein . (Use only trigonometric substitution and the reduction
 formulas for or .)
 4. Use an -tuple integral to find the volume enclosed by a hypersphere of radius in -dimensional space . [Hint: The formulas are different for even and odd.]nn�nn
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 Then, the formula for triple integration in cylindrical coordinates isgiven by∫∫∫
 Ef(x, y, z)dV =∫ β
 α
 ∫ h2(θ)
 h1(θ)
 ∫ u2(r cos θ,r sin θ)
 u1(r cos θ,r sin θ)f(r cos θ, r sin θ, z)rdzdrdθ.
 It is worthwhile to use this formula when E is a solid region easilydescribed in cylindrical coordinates, and especially when the functionf(x, y, z) involves the expression x2 + y2.
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 Example 31
 A solid E lies within the cylinder x2 + y2 = 1, below the plane z = 4,and above the paraboloid z = 1− x2 − y2. Then, evaluate the integral∫∫∫
 E
 √x2 + y2dV .
 Solution.
 We know from Equation 12.7.6 that
 But we also know how to evaluate double integrals in polar coordinates. In fact, com-bining Equation 1 with Equation 12.4.3, we obtain
 Formula 2 is the formula for triple integration in cylindrical coordinates. It saysthat we convert a triple integral from rectangular to cylindrical coordinates by writing
 , , leaving as it is, using the appropriate limits of integrationfor , , and , and replacing by . (Figure 3 shows how to remember this.)It is worthwhile to use this formula when is a solid region easily described in cylin-drical coordinates, and especially when the function involves the expression
 .
 EXAMPLE 1 A solid lies within the cylinder , below the plane ,and above the paraboloid . (See Figure 4.) The density at any pointis proportional to its distance from the axis of the cylinder. Find the mass of .
 SOLUTION In cylindrical coordinates the cylinder is and the paraboloid is, so we can write
 Since the density at is proportional to the distance from the -axis, the den-sity function is
 where is the proportionality constant. Therefore, from Formula 12.7.13, the massof is
 EXAMPLE 2 Evaluate .
 SOLUTION This iterated integral is a triple integral over the solid region
 E � {�x, y, z� �2 � x � 2, �s4 � x 2 � y � s4 � x 2, sx 2 � y 2 � z � 2}
 y2
 �2 y
 s4�x2
 �s4�x2 y
 2
 sx2�y2 �x 2 � y 2 � dz dy dx
 � 2�K r 3 �r 5
 5 �0
 1
 �12�K
 5
 � y2�
 0 y
 1
 0 Kr 2 �4 � �1 � r 2 �� dr d� � K y
 2�
 0 d� y
 1
 0 �3r 2 � r 4 � dr
 m � yyyE
 Ksx 2 � y 2 dV � y2�
 0 y
 1
 0 y
 4
 1�r2 �Kr� r dz dr d�
 EK
 f �x, y, z� � Ksx 2 � y 2 � Kr
 z�x, y, z�
 E � ��r, �, z� 0 � � � 2�, 0 � r � 1, 1 � r 2 � z � 4
 z � 1 � r 2r � 1
 Ez � 1 � x 2 � y 2
 z � 4x 2 � y 2 � 1E
 x 2 � y2f �x, y, z�
 Er dz dr d�dV�rz
 zy � r sin �x � r cos �
 yyyE
 f �x, y, z� dV � y
 � y
 h2���
 h1��� y
 u2�r cos �, r sin ��
 u1�r cos �, r sin �� f �r cos �, r sin �, z� r dz dr d�2
 yyyE
 f �x, y, z� dV � yyD
 yu2�x, y�
 u1�x, y� f �x, y, z� dz� dA1
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 z
 dz
 drr d¨
 d¨
 r
 z
 0
 (1, 0, 0)
 (0, 0, 1)
 (0, 0, 4)
 z=4
 x
 y
 z=1-r@
 FIGURE 3Volume element in cylindricalcoordinates: dV=r dz dr d¨
 FIGURE 4
 In cylindrical coordinates the cylinder is r = 1 andthe paraboloid is z = 1− r2, so we can write
 E = {(r, θ, z)|0 ≤ θ ≤ 2π, 0 ≤ r ≤ 1, 1−r2 ≤ z ≤ 4}
 Therefore,∫∫∫E
 √x2 + y2dV =
 ∫ 2π
 0
 ∫ 1
 0
 ∫ 4
 1−r2rrdzdrdθ
 =12π
 5
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 Example 32
 Evaluate
 ∫ 2
 −2
 ∫ √4−x2−√4−x2
 ∫ 2
 √x2+y2
 (x2 + y2)dzdydx.
 Solution.This iterated integral is a triple integral over the solid region
 E ={
 (x, y, z)| − 2 ≤ x ≤ 2,−√
 4− x2 ≤ y ≤√
 4− x2,√x2 + y2 ≤ z ≤ 2
 }and the projection of E onto the xy-plane is the disk x2 + y2 ≤ 4. The
 lower surface of E is the cone z =√x2 + y2 and its upper surface is the
 plane z = 2.
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 Solution (cont.)
 This region has a much simpler description in cylindrical coordinates:
 E = {(r, θ, z)|0 ≤ θ ≤ 2π, 0 ≤ r ≤ 2, r ≤ z ≤ 2} .
 and the projection of onto the -plane is the disk . The lower sur-face of is the cone and its upper surface is the plane . (SeeFigure 5.) This region has a much simpler description in cylindrical coordinates:
 Therefore, we have
 Spherical Coordinates
 In Section 9.7 we defined the spherical coordinates of a point (see Figure 6)and we demonstrated the following relationships between rectangular coordinates andspherical coordinates:
 In this coordinate system the counterpart of a rectangular box is a spherical wedge
 where , , and . Although we defined triple integrals bydividing solids into small boxes, it can be shown that dividing a solid into small spher-ical wedges always gives the same result. So we divide into smaller spherical wedges
 by means of equally spaced spheres , half-planes , and half-cones. Figure 7 shows that is approximately a rectangular box with dimensions
 , (arc of a circle with radius angle ), and (arc of a circlewith radius angle ). So an approximation to the volume of is given by
 FIGURE 7
 z
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 x
 yri=∏i sin ˙k
 ri Î¨=∏i sin ˙k Î¨
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 E
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 15 r 5 ]0
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 0 d� y
 2
 0 r 3�2 � r� dr
 � y2�
 0 y
 2
 0 y
 2
 r r 2 r dz dr d�
 y2
 �2 y
 s4�x2
 �s4�x2 y
 2
 sx2�y2 �x 2 � y 2 � dz dy dx � yyy
 E
 �x 2 � y 2 � dV
 E � ��r, �, z� 0 � � � 2�, 0 � r � 2, r � z � 2
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 FIGURE 5
 z=œ„„„„„≈+¥
 z
 x 2 y2
 z=2
 2
 z
 0
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 P(∏, ̈ , ̇ )∏
 ˙
 ¨
 FIGURE 6Spherical coordinates of P
 Therefore, we have∫ 2
 −2
 ∫ √4−x2−√4−x2
 ∫ 2
 √x2+y2
 (x2 + y2)dzdydx
 =
 ∫ 2π
 0
 ∫ 2
 0
 ∫ 2
 rr2rdzdrdθ
 =16π
 5.
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 Spherical Coordinates
 The spherical coordinates (ρ, θ, φ) of a point P in space are shown inFigure, where ρ = |OP | is the distance from the origin to P , θ is thesame angle as in cylindrical coordinates, and φ is the angle between thepositive z-axis and the line segment OP . Note that ρ ≥ 0 and
 0 ≤ φ ≤ π.
 Spherical Coordinates
 The spherical coordinates of a point in space are shown in Figure 5,where is the distance from the origin to , is the same angle as in cylin-drical coordinates, and is the angle between the positive -axis and the line segment
 . Note that
 The spherical coordinate system is especially useful in problems where there is sym-metry about a point, and the origin is placed at this point. For example, the sphere withcenter the origin and radius has the simple equation (see Figure 6); this is thereason for the name “spherical” coordinates. The graph of the equation is a ver-tical half-plane (see Figure 7), and the equation represents a half-cone with the-axis as its axis (see Figure 8).
 The relationship between rectangular and spherical coordinates can be seen fromFigure 9. From triangles and we have
 But and , so to convert from spherical to rectangular coordi-nates, we use the equations
 Also, the distance formula shows that
 We use this equation in converting from rectangular to spherical coordinates.
 �2 � x 2 � y 2 � z24
 z � � cos �y � � sin � sin  x � � sin � cos  3
 y � r sin  x � r cos
 r � � sin �z � � cos �
 OPP�OPQ
 z� � c
 � c� � cc
 0 � � � �� � 0
 OPz�
 P� � � OP �P��,  , ��
 696 � CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE
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 FIGURE 9
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 z
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 ˙ ˙
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 FIGURE 5The spherical coordinates of a point
 P(∏, ¨, ˙)
 O
 z
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 ¨
 ˙
 x y
 The relationship between rectangular andspherical coordinates can be seen from Figure.From triangles OPQ and OPP ′ we have
 z = ρ cosφ r = ρ sinφ.
 But, x = r cos θ and y = r sin θ.
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 So to convert from spherical to rectangular coordinates, we use theequations
 x = ρ sinφ cos θ y = ρ sinφ sin θ z = ρ cosφ.
 Also, the distance formula shows that
 ρ2 = x2 + y2 + z2.
 We use this equation in converting from rectangular to sphericalcoordinates.
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 In this coordinate system the counterpart of a rectangular box is aspherical wedge
 E = {(ρ, θ, φ)|a ≤ ρ ≤ b, α ≤ θ ≤ β, c ≤ φ ≤ d}
 where a ≥ 0, β − α ≤ 2π, and d− c ≤ π.
 Then, the formula for triple integration in spherical coordinates is givenby∫∫∫
 Ef(x, y, z)dV
 =
 ∫ d
 c
 ∫ β
 α
 ∫ b
 af(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρdθdφ.

Page 101
                        

Triple Integrals in Cylindrical and Spherical Coordinates Spherical Coordinates
 Example 33
 Evaluate
 ∫∫∫Be(x
 2+y2+z2)3/2dV , where B is the unit ball
 B = {(x, y, z)|x2 + y2 + z2 ≤ 1}.
 Solution.Since the boundary of B is a sphere, we use spherical coordinates:
 B = {(ρ, θ, φ)|0 ≤ ρ ≤ 1, 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π}.
 In addition, spherical coordinates are appropriate becausex2 + y2 + z2 = ρ2. Thus,∫∫∫
 Be(x
 2+y2+z2)3/2dV =
 ∫ π
 0
 ∫ 2π
 0
 ∫ 1
 0e(ρ
 2)3/2ρ2 sinφdρdθdφ
 =4π
 3(e− 1).
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 NoteIt would have been extremely awkward to evaluate the integral inprevious Example without spherical coordinates. In rectangularcoordinates the iterated integral would have been∫ 1
 −1
 ∫ √1−x2−√1−x2
 ∫ √1−x2−y2
 −√
 1−x2−y2e(x
 2+y2+z2)3/2dzdydx.
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 Example 34
 Use spherical coordinates to find the volume of the solid that lies abovethe cone z =
 √x2 + y2 and below the sphere x2 + y2 + z2 = z.
 Solution.
 SOLUTION Since the boundary of is a sphere, we use spherical coordinates:
 In addition, spherical coordinates are appropriate because
 Thus, (4) gives
 NOTE � It would have been extremely awkward to evaluate the integral in Example 3without spherical coordinates. In rectangular coordinates the iterated integral wouldhave been
 EXAMPLE 4 Use spherical coordinates to find the volume of the solid that lies abovethe cone and below the sphere . (See Figure 9.)
 SOLUTION Notice that the sphere passes through the origin and has center . Wewrite the equation of the sphere in spherical coordinates as
 The equation of the cone can be written as
 This gives , or . Therefore, the description of the solid inspherical coordinates is
 E � ���, �, �� 0 � � � 2�, 0 � � � ��4, 0 � � � cos �
 E� � ��4sin � � cos �
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 yx
 z(0, 0, 1)
 ≈+¥+z@=z
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 FIGURE 10
 � Figure 10 gives another look (this time drawn by Maple) at the solid ofExample 4.
 Notice that the sphere passes through theorigin and has center (0, 0, 12). We writethe equation of the sphere in spherical co-ordinates as
 ρ2 = ρ cosφ or ρ = cosφ.
 The equation of the cone can be written as
 ρ cosφ =
 √ρ2 sin2 φ cos2 θ + ρ2 sin2 φ sin2 θ = ρ sinφ.
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 Solution (cont.)
 This gives sinφ = cosφ, or φ = π/4. Therefore, the description of thesolid E in spherical coordinates is
 E = {(ρ, θ, φ)|0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π/4, 0 ≤ ρ ≤ cosφ}.
 6.
 � � � � � � � � � � � � �
 7–14 � Use cylindrical coordinates.
 7. Evaluate , where is the region that liesinside the cylinder and between the planes
 and .
 8. Evaluate , where is the solid in the firstoctant that lies beneath the paraboloid .
 9. Evaluate , where is the solid that lies between the cylinders and , above the
 -plane, and below the plane .z � x � 2xyx 2 � y 2 � 4x 2 � y 2 � 1
 ExxxE y dV
 z � 1 � x 2 � y 2Exxx
 E �x 3 � xy 2 � dV
 z � 4z � �5x 2 � y 2 � 16
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 z
 x y21
 1–4 � Sketch the solid whose volume is given by the integraland evaluate the integral.
 1. 2.
 3.
 4.
 � � � � � � � � � � � � �
 5–6 � Set up the triple integral of an arbitrary continuous func-tion in cylindrical or spherical coordinates over thesolid shown.
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 Figure 11 shows how E is swept out if we integrate first with respect to , then ,and then . The volume of E is
 FIGURE 11¨ varies from 0 to 2π.∏ varies from 0 to cos ˙ while
 ˙ and ¨ are constant.˙ varies from 0 to π/4 while¨ is constant.
 z
 yx
 z
 yx
 z
 yx
 �2�
 3 y
 ��4
 0 sin � cos3� d� �
 2�
 3  �
 cos4�
 4 �0
 ��4
 ��
 8
 � y2�
 0 d� y
 ��4
 0 sin �  �3
 3 ���0
 ��cos �
 d�
 V�E� � yyyE
 dV � y2�
 0 y
 ��4
 0 y
 cos �
 0 �2 sin � d� d� d�
 ���
 6.
 � � � � � � � � � � � � �
 7–14 � Use cylindrical coordinates.
 7. Evaluate , where is the region that liesinside the cylinder and between the planes
 and .
 8. Evaluate , where is the solid in the firstoctant that lies beneath the paraboloid .
 9. Evaluate , where is the solid that lies between the cylinders and , above the
 -plane, and below the plane .z � x � 2xyx 2 � y 2 � 4x 2 � y 2 � 1
 ExxxE y dV
 z � 1 � x 2 � y 2Exxx
 E �x 3 � xy 2 � dV
 z � 4z � �5x 2 � y 2 � 16
 ExxxE sx 2 � y 2 dV
 z
 x y21
 1–4 � Sketch the solid whose volume is given by the integraland evaluate the integral.
 1. 2.
 3.
 4.
 � � � � � � � � � � � � �
 5–6 � Set up the triple integral of an arbitrary continuous func-tion in cylindrical or spherical coordinates over thesolid shown.
 5. z
 xy
 3
 2
 f �x, y, z�
 y2�
 0 y
 �
 ��2 y
 2
 1 �2 sin � d� d� d�
 y��6
 0 y
 ��2
 0 y
 3
 0 �2 sin � d� d� d�
 y��2
 0 y
 2
 0 y
 9�r 2
 0 r dz dr d�y
 4
 0 y
 2�
 0 y
 4
 r r dz d� dr
 898 � CHAPTER 12 MULTIPLE INTEGRALS
 Exercises � � � � � � � � � � � � � � � � � � � � � � � � � �12.8
 Figure 11 shows how E is swept out if we integrate first with respect to , then ,and then . The volume of E is
 FIGURE 11¨ varies from 0 to 2π.∏ varies from 0 to cos ˙ while
 ˙ and ¨ are constant.˙ varies from 0 to π/4 while¨ is constant.
 z
 yx
 z
 yx
 z
 yx
 �2�
 3 y
 ��4
 0 sin � cos3� d� �
 2�
 3  �
 cos4�
 4 �0
 ��4
 ��
 8
 � y2�
 0 d� y
 ��4
 0 sin �  �3
 3 ���0
 ��cos �
 d�
 V�E� � yyyE
 dV � y2�
 0 y
 ��4
 0 y
 cos �
 0 �2 sin � d� d� d�
 ���
 6.
 � � � � � � � � � � � � �
 7–14 � Use cylindrical coordinates.
 7. Evaluate , where is the region that liesinside the cylinder and between the planes
 and .
 8. Evaluate , where is the solid in the firstoctant that lies beneath the paraboloid .
 9. Evaluate , where is the solid that lies between the cylinders and , above the
 -plane, and below the plane .z � x � 2xyx 2 � y 2 � 4x 2 � y 2 � 1
 ExxxE y dV
 z � 1 � x 2 � y 2Exxx
 E �x 3 � xy 2 � dV
 z � 4z � �5x 2 � y 2 � 16
 ExxxE sx 2 � y 2 dV
 z
 x y21
 1–4 � Sketch the solid whose volume is given by the integraland evaluate the integral.
 1. 2.
 3.
 4.
 � � � � � � � � � � � � �
 5–6 � Set up the triple integral of an arbitrary continuous func-tion in cylindrical or spherical coordinates over thesolid shown.
 5. z
 xy
 3
 2
 f �x, y, z�
 y2�
 0 y
 �
 ��2 y
 2
 1 �2 sin � d� d� d�
 y��6
 0 y
 ��2
 0 y
 3
 0 �2 sin � d� d� d�
 y��2
 0 y
 2
 0 y
 9�r 2
 0 r dz dr d�y
 4
 0 y
 2�
 0 y
 4
 r r dz d� dr
 898 � CHAPTER 12 MULTIPLE INTEGRALS
 Exercises � � � � � � � � � � � � � � � � � � � � � � � � � �12.8
 Figure 11 shows how E is swept out if we integrate first with respect to , then ,and then . The volume of E is
 FIGURE 11¨ varies from 0 to 2π.∏ varies from 0 to cos ˙ while
 ˙ and ¨ are constant.˙ varies from 0 to π/4 while¨ is constant.
 z
 yx
 z
 yx
 z
 yx
 �2�
 3 y
 ��4
 0 sin � cos3� d� �
 2�
 3  �
 cos4�
 4 �0
 ��4
 ��
 8
 � y2�
 0 d� y
 ��4
 0 sin �  �3
 3 ���0
 ��cos �
 d�
 V�E� � yyyE
 dV � y2�
 0 y
 ��4
 0 y
 cos �
 0 �2 sin � d� d� d�
 ���
 ρ varies from 0 to cosφ φ varies from 0 to π/4 θ varies from 0 to 2π
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Triple Integrals in Cylindrical and Spherical Coordinates Spherical Coordinates
 Solution (cont.)
 The volume of E is
 V (E) =
 ∫∫∫EdV =
 ∫ 2π
 0
 ∫ π/4
 0
 ∫ cosφ
 0ρ2 sinφdρdφdθ
 =
 ∫ 2π
 0dθ
 ∫ π/4
 0sinφ
 [ρ3
 3
 ]ρ=cosφ
 ρ=0
 dφ
 =2π
 3
 ∫ π/4
 0sinφ cos3 φdφ
 =π
 8.
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