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Stochastic Approximation Monte Carlo Problems
 Two motivation examplesExample 1: Suppose we are interested in sampling from the follow-
 ing mixture Gaussian distribution,
 f(x) =1
 3N2(µ1,Σ1) +
 1
 3N2(µ2,Σ2) +
 1
 3N2(µ3,Σ3),
 where
 µ1 =
 (−8−8
 )Σ1 =
 (1 0.9
 0.9 1
 )µ2 =
 (66
 )Σ2 =
 (1 −0.9
 −0.9 1
 )
 µ3 =
 (00
 )Σ3 =
 (1 00 1
 )
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 (d)
 Figure 1: Plot (a) shows the contour plot of the density.

Page 6
                        

Stochastic Approximation Monte Carlo Problems
 Example 2: Consider minimizing the following function on [−1.1, 1.1]2
 U(x, y) = −(x sin(20y) + y sin(20x))2 cosh(sin(10x)x)
 − (x cos(10y)− y sin(10x))2 cosh(cos(20y)y),
 whose global minimum is -8.12465, attained at (x, y) = (−1.0445,−1.0084)and (1.0445,−1.0084).
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Stochastic Approximation Monte Carlo Problems
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 Figure 2: Grid and contour representation of a function defined on [−1.1, 1.1]2.
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Stochastic Approximation Monte Carlo Problems
 The above examples can be formulated to simulate from a Boltzmanndistribution,
 f(x) = cψ(x), x ∈ X , (1)
 where c is a constant, ψ(x) = exp(−U(x)/τ), τ is called the temper-ature, and U(x) is called the energy function.
 Two basic MCMC algorithms
 (1) Metropolis-Hastings algorithm (Metropolis et al, 1953; Hastings,1970)
 (2) The Gibbs sampler. (Geman and Geman, 1984).

Page 9
                        

Stochastic Approximation Monte Carlo Problems
 Metropolis-Hastings Algorithm
 (a) Propose a new state y from a proposal distribution T (xt → y),where xt denotes the state of the Markov chain at time t.
 (b) Accept y with the probability
 min ψ(y)T (y → xt)
 ψ(xt)T (xt → y), 1.
 If it is accepted, set xt+1 = y, otherwise, set xt+1 = xt.
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Stochastic Approximation Monte Carlo Problems
 DifficultyOn the energy landscape of these systems, there are a multitude
 of local minima separated by high energy barriers. The sampler tendsto get trapped in one of local energy minima indefinitely, rendering thesimulation ineffective.
 Typical Problems in Scientific Computation
 1. Protein folding.
 2. Phylogenetic tree reconstruction.
 3. Neural Networks.
 4. Some spatial statistical problems, e.g., Ising model, disease map-ping.
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Stochastic Approximation Monte Carlo Literature review
 Strategies for improving MCMC
 1. The use of auxiliary variables:
 – Swendsen-Wang algorithm (Swendsen and Wang, 1987)
 – Parallel tempering (Geyer, 1991)
 – Simulated tempering (Marinari and Parisi, 1992)
 – Evolutionary Monte Carlo (Liang and Wong, 2001)
 Strength and weakness: The temperature is typically treated as anauxiliary variable. Simulations at high temperatures broaden the spaceof sampling, and thus are able to help the system to escape from localenergy minima.
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Stochastic Approximation Monte Carlo Literature review
 2. The use of past samples:
 – Multicanonical (Berg and Neuhaus, 1991)
 – 1/k-ensemble algorithm (Hesselbo and Stinchcombe, 1995;Liang, 2004)
 – Wang-Landau (WL) Algorithm (Wang and Landau, 2001; Liang,2005)
 – Dynamic weighting (Wong and Liang, 1997)
 – Dynamically weighted importance sampling (Liang, 2002)
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Stochastic Approximation Monte Carlo Literature review
 Strength and weakness:
 • Dynamic weighting: The variability of the weights is too high.
 • Multicanonical and related algorithms: They are usually used fordiscrete systems. In the multicanonical algorithm, the trial distribu-tion is defined as:
 f ∗(x) =1
 #y : U(y) = U(x) ,
 where x and y take values on a discrete set.
 There is no rigorous theory to support their convergence.
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Stochastic Approximation Monte Carlo Algorithm
 Basic Idea
 • Partition the sample space into different subregions: E1, . . . , Em,⋃Mi=1Ei = X , and Ei ∩ Ej = ∅ for i 6= j.
 • Let gi =∫
 Eiψ(x)dx, and choose π = (π1, . . . , πm), πi ≥ 0,
 and∑
 i πi = 1.
 • Sampling from the distribution
 pθ(x) ∝m∑
 i=1
 ψ(x)
 eθ(i)I(x ∈ Ei).
 If θ(i) = log(gi/πi) for all i, sampling from pθ(x) will result in arandom walk in the space of subregions with each subregion beingsampled with probability πi (viewing each subregion as a “singlepoint”). Therefore, sampling from pθ(x) can avoid the local trapproblem encountered in sampling from f(x).
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Stochastic Approximation Monte Carlo Algorithm
 Algorithm Setting
 • Condition (A1) The sequence ak∞k=0 is non-increasing, positiveand satisfies the conditions:
 ∞∑
 k=1
 ak = ∞, limk→∞
 (kak) = ∞, limk→∞
 (a−1k+1 − a−1
 k ) = 0,
 (2)and for some τ ∈ (0, 1)
 ∞∑
 k=1
 a(1+τ)/2k√k
 <∞ (3)
 It is clear that ak = 1/kη, ∀η ∈ (1/2, 1], satisfies (2). Then (3)holds for any τ > 1/η − 1.
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Stochastic Approximation Monte Carlo Algorithm
 Algorithm
 1. (Sampling) Draw sample xk+1 with a single MH iteration for whichthe invariant distribution is
 pk(x) =1
 Zk
 m∑i=1
 ψ(x)
 eθ(i)k
 I(x ∈ Ei).
 2. (Weight updating) Set
 θ∗k+1 = θk + ak+1H(θk, xk+1),
 where H(θk, xk+1) = exk+1− π and exk+1
 = (I(xk+1 ∈E1), . . . , I(xk+1 ∈ Em)).
 3. (Varying trunaction) If θ∗k+1 ∈ Θ, set θk+1 = θ∗k+1. Otherwise,set θk+1 = θ∗k+1 + c∗, where c∗ is chosen such that θ∗k+1 + c∗ ∈Θ.
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Stochastic Approximation Monte Carlo Algorithm
 Lyapunov condition on h(θ)Let 〈x, y〉 denote the Euclidean inner product.
 (A2) The function h : Θ → Rd is continuous, and there exists a con-tinuously differentiable function v : Θ → [0,∞) such that
 (i) For any integerM > 0, the level setVM = θ ∈ Θ, v(θ) ≤M ⊂ Θ is compact.
 (ii) There exists M0 > 0 such that
 Θ = θ ∈ Θ, 〈∇v(θ), h(θ)〉 = 0 ⊂ int(VM0),
 and 〈∇v(θ), h(θ)〉 < 0 for any θ ∈ Θ\VM0 , where int(A)denotes the interior of set A.
 (iii) For all θ ∈ Θ, 〈∇v(θ), h(θ)〉 ≤ 0, and int(v(Θ)) = ∅.

Page 18
                        

Stochastic Approximation Monte Carlo Algorithm
 Stability condition on h(θ)
 (A3) The mean field function h(θ) is measurable and locally bounded.There exist a stable matrix F (i.e., all eigenvalues of F are withnegative real parts), γ > 0, and ρ ∈ (τ, 1] such that for any pointθ0 ∈ Θ,
 ‖h(θ)−F (θ−θ0)‖ ≤ c1‖θ−θ0‖1+ρ, ∀θ ∈ θ : ‖θ−θ0‖ ≤ γ,where c1 is a constant.
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Stochastic Approximation Monte Carlo Algorithm
 Drift condition
 (A4) For any θ ∈ Θ, the transition kernel Pθ is irreducible and aperi-odic. In addition, there exists a function V : X κ → [1,∞) andconstants α ≥ 2 and β ∈ (0, 1] such that for any compact subsetK ⊂ Θ,
 (i) There exist a set C ⊂ X , an integer l, constants 0 < λ <1, b, ς , δ > 0 and a probability measure ν such that
 • supθ∈K
 P lθV
 α(x) ≤ λV α(x) + bI(x ∈ C), ∀x ∈ X .(4)
 • supθ∈K
 PθVα(x) ≤ ςV α(x), ∀x ∈ X . (5)
 • supθ∈K
 P lθ(x,A) ≥ δν(A), ∀x ∈ C, ∀A ∈ B. (6)
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Stochastic Approximation Monte Carlo Algorithm
 (ii) There exists a constant c such that for all x ∈ X ,
 • supθ∈K
 ‖H(θ, x)‖ ≤ cV (x). (7)
 • sup(θ,θ′)∈K
 ‖H(θ, x)−H(θ′, x)‖ ≤ cV (x)‖θ − θ′‖β.(8)
 (iii) There exists a constant c such that for all (θ, θ′) ∈ K ×K,
 • ‖Pθg − Pθ′g‖V ≤ c2‖g‖V |θ − θ′|β, ∀g ∈ LV . (9)
 • ‖Pθg − Pθ′g‖V α ≤ c2‖g‖V α |θ − θ′|β, ∀g ∈ LV α .(10)
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Stochastic Approximation Monte Carlo Algorithm
 Theoretical Results
 Lemma 1 Assume the drift condition (A4) and supx∈X V (x) <∞.Let εk = H(θk, xk+1) − h(θk). There exist Rd-valued random pro-cesses ekk≥1, νkk≥1, and ςkk≥1 defined on a probability space(Ω,F ,P) such that
 (i) εk = ek + νk + ςk.
 (ii) ek is a martingale difference sequence, and 1√n
 ∑nk=1 ek −→
 N(0, Q) in distribution, where Q = limk→∞E(eke′k).
 (iii) E‖νk‖ = O(a(1+τ)/2k ), where τ is given in condition (A1).
 (iv) ‖∑nk=0 akςk‖ = O(an).
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Stochastic Approximation Monte Carlo Algorithm
 THEOREM 1 (Convergence) (Liang et al., 2007)Let ασ denote the number of itertaions for which the σ-th truncation
 occurs in the SAMC simulation. Assume the conditions (A1) and (A2)hold, and there exists a drift function V (x) such that supx∈X V (x) <∞ and the drift condition (A4) holds. Then there exists a number σsuch that ασ <∞ a.s., ασ+1 = ∞ a.s., and θk given by the SAMCalgorithm has no truncation for k ≥ ασ, i.e.,
 θk+1 = θk + akH(θk, xk+1), ∀ k ≥ ασ,
 and
 θ(i)k →
 c+ log(
 ∫Eiψ(x)dx)− log(πi + ν), if Ei 6= ∅,
 −∞. if Ei = ∅, (11)
 where ν =∑
 j∈i:Ei=∅ πj/(m−m0) andm0 is the number of emptysubregions. The constant c can be determined by imposing an extra
 constraint on θk, e.g., θ(m)k = 0 for all k ≥ 0.
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Stochastic Approximation Monte Carlo Algorithm
 THEOREM 2 (Averaging Normality) (Liang 2007, submitted)Under the conditions of Theorem 2, we have
 θk =1
 k
 k∑i=1
 θi
 is asymptotically efficient; that is,√k(θk − θ0) −→ N(0, S) as k →∞,
 where S = F−1Q(F−1)T , and Q is as defined in Lemma 1.
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Stochastic Approximation Monte Carlo Algorithm
 THEOREM 3 (IWIW property) (Liang et al., 2007, submitted)If the desired sampling distribution is uniform over all the subregions,
 i.e., π1 = · · · = πm = 1/m SAMC is invariant with respect to theimportance weights (IWIW).
 This Theorem implies that the integralEfh(x) can be estimated on-line by
 Efh(x) =
 ∑nk=1wkh(xk)∑n
 k=1wk
 ,
 where wk =∑m
 i=1 eθ(i)k I(xk ∈ Ei). As n→∞,
 Efh(x) → Efh(x),
 for the same reason that the usual importance sampling estimate con-verges.
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Stochastic Approximation Monte Carlo Algorithm
 Implementation Issues
 1. Sample space partition. It can be made according to our goaland the complexity of the problem. Here are some examples:
 (a) Importance sampling: Energy function, maximum energy dif-ference≤ 2.
 (b) Model selection: Model index.
 2. Desired sampling distribution.
 (a) Set π to bias the sampling to low energy regions if we aim tominimize the energy function.
 (b) Set π to be uniform if we aim at estimation.
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Stochastic Approximation Monte Carlo Algorithm
 3. Choices of η, t0 and the number of iterations. The diagnosticstatistic:
 εf (Ei) =
 bπi−(πi+ν)πi+ν
 × 100%, if Ei 6= ∅,0, if Ei = ∅, (12)
 for i = 1, . . . ,m. If maxmi=1 |εf (Ei)| is large, say, greater than
 10%, the convergence of the run should be questioned. In thiscase, SAMC should be re-run with more iterations, a larger valueof t0, or a smaller value of η.
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SAMC Applications Demonstration
 x 1 2 3 4 5 6 7 8 9 10f(x) 1 100 2 1 3 3 1 200 2 1
 Table 1: The unnormalized mass function of the 10-state distribution.
 Table 2: Comparison of SAMC and MH for the 10-state example, where the Bias andStandard Error (of the Bias) were calculated based on 100 independent runs.
 Algorithm Bias (×10−3) Standard Error (×10−3) CPU time (seconds)SAMC -0.528 1.513 0.38
 MH -3.685 4.634 0.20
 The sample space was partitioned according to the mass functioninto five subregions: E1 = 8, E2 = 2, E3 = 5, 6, E4 =3, 9 and E5 = 1, 4, 7, 10. The desired sampling distribution isuniform over 5 subregions.
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SAMC Applications Demonstration
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 (a) MH samples
 Lag
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 0.4
 0.6
 0.8
 1.0
 (b) SAMC samples
 iterations (in thousands)0 100 200 300 400 500
 −10
 12
 (c) Log−weight of SAMC samples
 Figure 3: Computational results for the 10-state example. (a) Autocorrelation plot ofthe MH samples. (b) Autocorrelation plot of the SAMC samples. (c) Log-weight of theSAMC samples.
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Importance Sampling Spatial Autologistic Models
 Let s = si : i ∈ D denote the observed binary data, where si iscalled a spin and D is the set of indices of the spins. Let |D| denote thetotal number of spins in D, and N(i) denote a set of “neighbors” of spini. The likelihood function of the model is
 f(s|α, β) =1
 ϕ(α, β)exp
 α
 ∑i∈D
 si +β
 2
 ∑i∈D
 si
 ∑
 j∈N(i)
 sj
 ,
 (13)where (α, β) ∈ Ω, and
 ϕ(α, β) =∑
 for all possible s
 exp
 α
 ∑j∈D
 sj +β
 2
 ∑i∈D
 si
 ∑
 j∈N(i)
 sj
 .
 When β is large, say, 0.5, the configuration s tends to have largeclusters of the same orientation, which fluctuate very slowly.
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Importance Sampling Spatial Autologistic Models
 Methods to resolve the difficulty in normalizing constant evaluation:
 (a) Working on a pseudo-likelihood function (Besag, 1975):
 PL(α, β|s) =∏i∈D
 esi(α+βP
 j∈N(i) sj)
 eα+βP
 j∈N(i) sj + e−α−βP
 j∈N(i) sj. (14)
 The resulting estimate is called MPLE.
 (b) Working on a Monte Carlo log-likelihood (up to a constant)(Geyerand Thompson, 1992):
 Ln(α, β|s) = α∑i∈D
 si+β
 2
 ∑i∈D
 si(∑
 j∈N(i)
 sj)−log[1
 n
 n∑
 k=1
 ψ(α, β, s(k))
 ψ(α∗, β∗, s(k))].
 (15)
 The resulting estimate is called MCMLE.
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Importance Sampling Spatial Autologistic Models
 A natural choice for the trial distribution is a mixture distribution of theform
 p∗mix(s) =1
 m∗
 m∗∑j=1
 p(s|αj, βj), (16)
 where the values of the parameters (α1, β1), . . . , (αm∗ , βm∗) are pre-specified. To complete this idea, the key is to estimate ϕ(αj, βj), . . .,ϕ(αm∗ , βm∗) (up to a common multiplicative constant).
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Importance Sampling Spatial Autologistic Models
 Estimate single-MCMLE SAMCRMSE(T sim
 1 ) 59.51 2.90RMSE(T sim
 2 ) 114.91 4.61
 Table 3: Comparison of the accuracy of the SAMC and single-MCMLEs for the UScancer data. T1 =
 ∑i si, T2 =
 ∑i si(
 ∑j sj)/2, RMSE(T sim
 i ) is calculated as√∑5k=1(T
 sim,ki − T obs
 i )2/5, where i = 1, 2, and T sim,ki denotes the value of
 T simi calculated based on the kth estimate of (α, β).
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Importance Sampling Spatial Autologistic Models
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 010
 2030
 4050
 60True Observations
 0 20 40 60
 010
 2030
 4050
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 Fitted mortality rate
 Figure 4: The U.S. cancer mortality rate data. (a) The mortality map of liver and gall-bladder cancer (including bile ducts) for white males during the decade 1950-1959. Theblack squares denote the counties of high cancer mortality rate, and the white squaresdenote the counties of low cancer mortality rate. (b) Fitted cancer mortality rates. Thecancer mortality rate of each county is represented by the gray level of the correspond-ing square.
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Importance Sampling Spatial Autologistic Models
 −0.4 −0.2 0
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 tant
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 alpha0.10.2
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 00.2
 0.40.6
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 Figure 5: Computational results of SAMC. (a) Estimate of log ϕ(α, β) on a 21 × 11lattice with α−0.5,−0.45, . . . , 0.5 and β ∈ 0, 0.05, . . . , 0.5. (b) Estimate ofP (si = +1|α, β) on a 50 × 25 lattice with α ∈ −0.49,−0.47, . . . , 0.49 andβ ∈ 0.01, 0.03, . . . , 0.49.
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Importance Sampling Spatial Autologistic Models
 iteration
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 (a) SAMC
 iteration
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 (b) SAMC
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 (c) RJMCMC
 iteration
 beta
 0 2*10^7 4*10^7 6*10^7 8*10^7 10^80.1
 0.20.3
 0.40.5
 (d) RJMCMC
 Figure 6: Comparison of SAMC and RJMCMC. Plots (a) and (b) show, respectively, thesample paths of α and β in a run of SAMC. Plots (c) and (d) show, respectively, thesample paths of α and β in a run of RJMCMC.
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Kernel Smoothing SSAMC
 Motivation for Smoothing SAMCIntuitively, xt may contain some information on its neighboring sub-
 regions, so the visiting to its neighboring subregions should also be pe-nalized to some extent in the next iteration.
 The efficiency of SAMC can be improved by including at each itera-tion a smoothing step, which distributes the information contained in eachsample to its neighboring subregions. The new algorithm is thus calledsmoothing-SAMC or SSAMC for simplicity.
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Kernel Smoothing SSAMC
 Motivation ExamplesWe note that for many problems, E1, . . . , Em can be regarded as a
 sequence of naturally ordered categories. Here are some examples.
 • Model selection: The model space X can be partitioned accord-ing to the index of models, and the subregions can be naturallyordered according to the number of parameters contained in eachmodel.
 • Function optimization: The solution space X can be partitionedaccording to the objective function, and the subregions can alsobe naturally ordered according to the objective function.
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Kernel Smoothing SSAMC
 Suppose that x(1)k , . . . , x
 (κ)k are samples generated using a MH ker-
 nel with the invariant distribution pθk(x). Since κ is usually a small
 number, say, 10 to 20, the samples form a sparse frequency vector
 exk= (e
 (i)k , . . . , e
 (m)k ) with e
 (i)k =
 ∑κl=1 I(x
 (l)k ∈ Ei).
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Kernel Smoothing SSAMC
 The frequency estimate can be improved by a smoothing method.The Nadaraya-Watson (NW) kernel estimator works as follows:
 p(i)k =
 ∑mj=1W
 (Λ(i−j)mhk
 )e(j)k
 κ
 ∑mj=1W
 (Λ(i−j)mhk
 ) , (17)
 where W (z) is a kernel function with bandwidth hk, and Λ is a roughestimate of the range of λ(x), x ∈ X .
 By assuming that W (z) has a bounded support, we can show
 p(i)k − e
 (i)k /κ = O(hk).
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Algorithm SSAMC
 (a) (Sampling) Simulate samples x(1)k , . . . , x
 (κ)k using the MH algo-
 rithm with the proposal distribution q(xk(i) , ·) and the invariant dis-
 tribution pθk(x), where x
 (0)k = x
 (κ)k−1.
 (b) (Smoothing) Calculate pk = (p(i)k , . . . , p
 (m)k ) using a kernel smooth-
 ing method.
 (c) (Weight updating) Set
 θ∗ = θk + ak+1(pk − π). (18)
 If θ∗ ∈ Θ, set θk+1 = θ∗; otherwise, set θk+1 = θ∗ + c∗, wherec∗ can be any number which satisfies the condition θ∗ + c∗ ∈ Θ.
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Change-Point identification SSAMC
 Notations
 • Let Z = (z1, z2, · · · , zn) denote a sequence of independentobservations.
 • Let ϑ(k) denote a configuration of ϑ with k ones, which representsa model of k change points.
 • Let η(k) = (ϑ(k), µ1, σ21, · · · , µk+1, σ
 2k+1).
 • Let Xk denote the space of models with k change points, ϑ(k) ∈Xk, and X = ∪n
 k=0Xk.
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Change-Point identification SSAMC
 Assuming appropriate prior distributions, integrating out the parame-ters µ1, σ
 21, · · · , µk+1, σ
 2k+1 from the full posterior distribution, and tak-
 ing a logarithm, we have
 logP (ϑ(k)|Z)
 = ak +k + 1
 2log 2π −
 k+1∑i=1
 1
 2log(ci − ci−1)− log Γ(
 ci − ci−1 − 1
 2+ α)
 +(ci − ci−1 − 1
 2+ α
 )log
 [β +
 1
 2
 ci∑j=ci−1+1
 z2j −
 (∑ci
 j=ci−1+1 zj)2
 2(ci − ci−1)
 ].
 (19)
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Change-Point identification SSAMC
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 Figure 7: Comparison of the true change-point pattern (horizontal lines) and its MAPestimate (vertical lines).
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Change-Point identification SSAMC
 SSAMC SAMC RJMCMC
 k prob(%) SD prob(%) SD prob(%) SD7 0.1010 0.0023 0.0944 0.0029 0.0907 0.00468 55.4666 0.2470 55.3928 0.6112 55.5726 0.34519 33.3744 0.1659 33.3728 0.3573 33.2117 0.205210 9.2982 0.1026 9.3647 0.2788 9.3537 0.144111 1.5655 0.0287 1.5785 0.0685 1.5694 0.040012 0.1768 0.0042 0.1803 0.0097 0.1845 0.009713 0.0157 0.0005 0.0154 0.0009 0.0165 0.001114 0.0018 0.0001 0.0011 0.0001 0.0009 0.0002
 Table 4: The estimated posterior distribution P (Xk|Z) for the change-point identifica-tion example. SD: standard deviation of the estimates.
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SAMC Applications Stochastic Optimization
 Algorithm Mean Standard Error Minimum Maximum ProportionSAMC -8.12369 0.00015 -8.12465 -8.11244 99
 Annealing-1 -8.07721 0.01483 -8.12465 -6.92783 31Annealing-2 -8.06147 0.02066 -8.12465 -6.64358 22Annealing-3 -7.54252 0.10004 -8.12465 -5.51122 28
 Table 5: Comparison of SAMC and simulated annealing. Annealing-1, Annealing-2,and Annealing-3 correspond to the runs with thigh = 5, thigh = 2, and thigh = 1,respectively.
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SAMC Applications Stochastic Optimization
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 (b) Metropolis (t=5)
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 Figure 8: Sample paths of SAMC and the Metropolis-Hastings algorithm. The circlesshow the global minimum locations. (a) The sample path of a SAMC run. (b) Thesample path of a Metropolis-Hastings run at t = 5. (c) The sample path of a Metropolis-Hastings run at t = 0.1.
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SAMC Applications Stochastic Optimization
 Annealing SAMCThe algorithm initiates the search in the entire sample space X0 =⋃m
 i=1Ei, and then iteratively searches in the set
 Xt =
 $(U(t)min+ℵ)⋃i=1
 Ei, t = 1, 2, . . . , (20)
 where $(u) denotes the index of the subregion that a sample x with
 energy u belongs to, U(t)min is the best function value obtained until iter-
 ation t, and ℵ > 0 is a user specified parameter which determines thebroadness of the sample space at each iteration.
 Since the sample space shrinks iteration by iteration, the algorithm iscalled annealing SAMC.
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SAMC Applications Stochastic Optimization
 Algorithm Mean S.D. Minimum Maximum Succ Iter(×106) TimeASAMC 0.620 0.191 0.187 3.23 15 7.07 94mSAMC 2.727 0.208 1.092 4.089 0 10.0 132mSA-1 17.485 0.706 9.02 22.06 0 10.0 123mSA-2 6.433 0.450 3.03 11.02 0 10.0 123mBFGS 15.50 0.899 10.00 24.00 0 — 3s
 Table 6: Comparison of the ASAMC and SA algorithms for the two-spiral example.“Succ” denotes the number of runs (out of 20) found a solution with energy less than0.2.
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SAMC Applications Stochastic Optimization
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 Figure 9: Two-spiral problem: Classification maps learned by a MLP of 30 hidden units.The black and white points show the training data for two different spirals. (a) Theclassification map learned in one run. (b) The classification map learned in 20 runs.
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SAMC Applications Stochastic Optimization
 Advantages of SAMC over simulated annealing
 1. Simulated Annealing: It requires the temperature decrease so lowly,at the rate 1
 log(t), that it is impossible to be implemented exactly in
 practice.
 2. SAMC: The modification factor γ can decrease much faster, atthe rate 1
 t. In an annealing version of SAMC, Xt will converge in
 distribution to f(x)I(x ∈ Eε) as t → ∞, where Eε = x :H(x) < Hmin + ε.
 Further work: convergence rate of annealing SAMC.
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SAMC Discussion
 Other Applications
 – Importance sampling (Liang et al., 2007, JASA)
 – Marginal density estimation (Liang, 2007, JCGS)
 – Normalizing constant estimation (Liang, 2007, Encyclsoepedia ofArtifical Intelligence)
 – protein folding simulation (Liang, 2004, J. Chem. Phys)
 – Phylogenetic tree reconstruction (Cheon and Liang, 2007, BioSys-tems)
 – Variable selection for high dimensional regression (Liang, Chenand Ibrahim, 2007)
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SAMC High Dimensioanl Regression
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 Figure 10: Progression of the best energy values in (a) SAMC and (b) MH runs for ahigh dimensional regression problem with n = 150 and p = 600 (Liang et al., 2007).
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SAMC Phylogeny Estimation
 Figure 11: Comparison of the phylogenetic trees produced by SSAMC, BAMBE, andMrBayes for the simulated example. The respective log-likelihood values of the treesare (a) -4209.44, (b)-4196.09, (c) -4197.68, (d) -4198.19.
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SAMC Phylogeny Estimation
 Figure 12: Comparison of the MAP trees produced by SSAMC, MrBayes, and BAMBEfor African cichlid fish example. The respective log-likelihood values are −7726.51,−7876.98 and−7888.57.
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SAMC Phylogeny Estimation
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 Figure 13: CPU times cost by a single run (2× 106 iterations) of SSAMC, BAMBE andMrBayes.
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