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Multivariate regression

Consider the multivariate regression model

Yt = B′Xt + Ut , (1)

- Yt ∈ Rq, Xt ∈ Rp t = 1, . . . , n,- Ut ∼ (0,Σ), t = 1, . . . ,
n are i.i.d random variables,- Σ is symmetric and positive definite
matrix q × q.- B ∈ Rp×q contains the regression coefficients.
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Using notation

- X = (X1, . . . ,Xn)′, Y = (Y1, . . . ,Yn)

′, U =

(U1, . . . ,Un)′,

- y = vec(Y ), β = vec(B), u = vec(U),

we can rewrite (1) as follows

Y = XB + U, (2)

ory = (I ⊗ X )β + u. (3)

u ∼ (0,Σ⊗ I ).
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Applying Aitken’s (or LS) estimator on (3) we obtain

β̂ = (I ⊗ (X ′X )−1X ′)y

or equivalentlyB̂LS = (X

′X )−1X

′Y (4)

and Σ can be estimated as

Σ̂LS =1n (Y − X B̂LS)

′(Y − X B̂LS)

= 1n

n∑i=1

(Yi − B̂′LSXi )(Yi − B̂

′LSXi )

′.

(5)

Replacing n in the denominator by n − p, we obtain anunbiased
estimate of Σ. For details see Judge et al. (1988) orLütkepohl
(2005).

3
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The goal is to generalize least weighted squares (LWS)estimator
to multivariate case.

β̂n,wLWS := arg minβ∈R

n∑i=1

w

(i − 1

n

)r 2(i)(β), (6)

The Mahalanobis distance is defined as

dt(B,Σ) = ((Yt − B′Xt)

′Σ−1(Yt − B

′Xt))

1/2.

We can define the multivariate least squares (MLS)
estimatorby

B̂MLS = {B∗|(B∗,Σ∗) ∈ arg min(B,Σ);|Σ|=1

n∑i=1

d2i (B,Σ)}.

Denote

D = {(B,Σ)|B ∈ Rp×q,Σ ∈ Rq×q symmetric,positive definite matrix,
|Σ| = 1}

4
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Denote a data set Zn = {(X′i ,Y

′i )′, i = 1, . . . , n} ⊂ Rp+q and

assume that not all n points are lying in the same subspace
ofRp+q. Formally it means that for all α ∈ Rp and β ∈ Rq

#{(X ′i ,Y′i )′ |α′Xi + β

′Yi = 0} < n. (7)

Lemma 1

B̂LS = B̂MLS ,

for all datasets satisfying condition (7).

Remark If (X′i ,Y

′i )′

comes as a sample from continuousdistribution, condition (7) is
satisfied with probability 1.

5
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To prove Lemma 1 the following lemma will be useful. It couldbe
found in Agulló et al. (2008).

Lemma 2Let z = (x , y) be a (p+q)-dimensional random variable
havingdistribution K. Suppose that EK [xx

′] is a strictly positive

definite matrix. Define BLS(K ) = EK [xx′]−1EK [xy

′] and

ΣLS(K ) = EK [uu′] where u := y − BLS(K )

′x. Then among all

pairs (b,∆) with b ∈ Rp×q and ∆ positive definite andsymmetric
matrix of size q such that

EK [(y − b′x)′∆−1(y − b′x)] = q, (8)

the unique pair which minimizes det ∆ is given by(BLS(K ),ΣLS(K
)).

Remark If not all point of a data set are lying on the
samesubspace of Rp+q (condition (7)), then Lemma 2 can beapplied by
taking for K the empirical distribution functionassociated to the
data. 6
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Proof:

Let us denote Σ̃LS = (det Σ̂LS)−1/qΣ̂LS , so that |Σ̃LS | =
1.

First of all we give three equations which will be useful in
therest of the proof. Using the properties of traces

1n

n∑i=1

d2i (B̂LS , Σ̂LS) =1n

n∑i=1

(Yi − B̂′LSXi )

′Σ̂−1LS (Yi − B̂

′LSXi )

= tr( 1n

n∑i=1

(Yi − B̂′LSXi )

′Σ̂−1LS (Yi − B̂

′LSXi ))

= tr(Σ̂−1LS1n

n∑i=1

(Yi − B̂′LSXi )

′(Yi − B̂

′LSXi ))

= tr(Iq) = q,(9)

thusn∑

i=1

d2i (B̂LS , Σ̂LS) = (det Σ̂LS)−1/q

n∑i=1

d2i (B̂LS , Σ̃LS). (10)
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Combining (9) and (10) yields

n∑i=1

d2i (B̂LS , Σ̃LS) = nq(det Σ̂LS)1/q. (11)

Suppose there exist some (B1,Σ1) ∈ D whichn∑

i=1

d2i (B1,Σ1) <n∑

i=1

d2i (B̂LS , Σ̃LS).

Using equation (11) yields

n∑i=1

d2i (B1,Σ1) <n∑

i=1d2i (B̂LS , Σ̃LS)

n∑i=1

d2i (B1,Σ1) < nq(det Σ̂LS)1/q

1n

n∑i=1

d2i (B1, (det Σ̂LS)1/qΣ1) < q,

8
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So there exists a constant 0 < c < 1 such that

1c

(1n

n∑i=1

d2i (B1, (det Σ̂LS)1/qΣ1)

)= q

1n

n∑i=1

d2i (B1, c(det Σ̂LS)1/qΣ1) = q.

(12)

The equation (12) satisfies condition (8) and by employingLemma
2 we obtain

det(c(det Σ̂LS)1/qΣ1) > det Σ̂LS ,

cq det(Σ1) > 1,

which is a contradiction with our assumption det(Σ1) = 1 andthus
for any (B1,Σ1) ∈ D

n∑i=1

d2i (B1,Σ1) ≥n∑

i=1

d2i (B̂LS , Σ̃LS).

9
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Now suppose there exist some (B2,Σ2) ∈ D,B2 6=
B̂LSsatisfying

n∑i=1

d2i (B2,Σ2) =n∑

i=1

d2i (B̂LS , Σ̃LS).

Using equation (11) yields

n∑i=1

d2i (B2,Σ2) = nq(det Σ̂LS)1/q

1n

n∑i=1

d2i (B2, (det Σ̂LS)1/qΣ2) = q.

(13)

The equation (13) satisfies condition (8) and thereforeemploying
Lemma 2 (uniqueness, B̂LS 6= B2) we obtain

det((det Σ̂LS)1/qΣ2) > det Σ̂LS ,

det Σ̂LS det(Σ2) > det Σ̂LS ,

10
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It is again a contradiction with our assumption det(Σ2) = 1.
Itmeans that (B̂LS , Σ̃LS) is the unique pair which minimizes

n∑i=1

d2i (B,Σ), (B,Σ) ∈ D

and it concludes the proof.

11
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Weighted regression

To generalize the previous approach for weighted regression
wehave to define some proper weight function (or weights).

Definition 3Let the function w : [0, 1]→ [0, 1] be nonincreasing
andcontinuous on [0, 1]. Then the function w is called
weightfunction.

Similarly as in the one dimensional case, multiplying for eacht
= 1, . . . , n the equation (1) by positive weight

√wt leads to

Multivariate Weighted Least Squares (MWLS) estimator.

√wtYt =

√wtB

′Xt +

√wtUt , t = 1, . . . , n. (14)
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Denote the vector of weights by w := (w1, . . . ,wn) and
thematrix by W := diag{w1, . . . ,wn}. Now we can rewrite (2) inthe
form

W12 Y = W

12 XB + W

12 U. (15)

and the MWLS estimator is therefore given by

B̂n,wMWLS = (X′WX )−1X

′WY . (16)

Using (5) we obtain

Σ̂n,wMWLS =1

n(Y − X B̂n,wMWLS)

′W (Y − X B̂n,wMWLS). (17)

13
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Denote Y ∗ = W12 Y , X ∗ = W

12 X , U∗ = W

12 U and

d∗2i (B,Σ) = (Y∗i − B

′X ∗i )

′Σ−1(Y ∗i − B

′X ∗i ). The MWLS

estimator could be equivalently obtained as

B̂n,wMWLS = arg min(B,Σ)∈D

∑ns=1 d

∗2s (B,Σ)

= arg min(B,Σ)∈D

∑ns=1(Y

∗s − B

′X ∗s )

′Σ−1(Y ∗s − B

′X ∗s )

= arg min(B,Σ)∈D

∑ns=1 ws(Ys − B

′Xs)

′Σ−1(Ys − B

′Xs)

= arg min(B,Σ)∈D

∑ns=1 wsd

2s (B,Σ)

Σ̃n,wMWLS = (det(Σ̂n,wMWLS))

−1/qΣ̂n,wMWLS . (18)
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Multivariate Least Weighted Squares

Definition 4Let us define the multivariate least weighted
squares(MLWS) estimator of the matrix of regression coefficients B
as

B̂n,wMLWS = arg min(B,Σ)∈D

n∑s=1

w

(s − 1

n

)d2(s)(B,Σ), (19)

where d(1)(B,Σ) ≤ d(2)(B,Σ) ≤ · · · ≤ d(n)(B,Σ) is theordered
sequence of the residual Mahalanobis distances.

15


	
MLWS

Multivariateregression

Weightedregression

MultivariateLeastWeightedSquares

Algorithm

Robust VARestimator

Bibliography

For any m ∈ N denote by Πm the set of all permutations of{1, . .
. ,m} and for any π ∈ Πn, πj stands for the j-thcoordinate of the
vector π. For any (B,Σ) ∈ D put

π(B,Σ, i) = j ∈ {1, . . . , n} ⇔ d2i (B,Σ) = d2(j)(B,Σ) (20)

and π(B,Σ) = (π(B,Σ, 1), . . . , π(B,Σ, n)). Now we canexpess
the equation (19) in the equivalent form

B̂n,wMLWS = arg min(B,Σ)∈D

n∑i=1

w

(π(B,Σ, i)− 1

n

)d2i (B,Σ), (21)

16
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For an arbitrary π ∈ Πn denote the function we want tominimize
by

MF (B,Σ, π) =n∑

i=1

w

(πi − 1

n

)d2i (B,Σ). (22)

To prove the existence of the solution of our
minimizationproblem (19) we can follow the steps of the proof for
LWSpresented in V́ı̌sek (2008) and V́ı̌sek (2009).

17
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1. π(B,Σ) ∈ Πn therefore

min(B,Σ)∈D minπ∈Πn∑n

i=1 w(πi−1

n

)d2i (B,Σ) ≤

≤ min(B,Σ)∈D∑n

i=1 w(π(B,Σ,i)−1

n

)d2i (B,Σ)

m

min(B,Σ)∈D

minπ∈Πn

MF (B,Σ, π) ≤ min(B,Σ)∈D

MF (B,Σ, π(B,Σ)). (23)

18
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2. For an arbitrary fixed (B̃, Σ̃) ∈ D the equations (20)
and(22) yield

MF (B̃, Σ̃, π(B̃, Σ̃)) =∑n

i=1 w(π(B̃,Σ̃,i)−1

n

)d2i (B̃, Σ̃)

=∑n

i=1 w(

i−1n

)d2(i)(B̃, Σ̃).

(24)The last equation in (24) means, that the largest distances
aremultiplied by the smallest weights and any other combinationof
weights and distances can’t produce smaller value of thesum. Hence
for any (B,Σ) ∈ D and π ∈ Πn we have

MF (B,Σ, π(B,Σ)) ≤ MF (B,Σ, π). (25)

19
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3. (23) and (25) yields

min(B,Σ)∈D

minπ∈Πn

MF (B,Σ, π) = min(B,Σ)∈D

MF (B,Σ, π(B,Σ)). (26)
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4. Fix arbitrary ω0 ∈ Ω, and π ∈ Πn, we can evaluate
theMultivariate Weighted Least Squares estimator with theweights
given by the weight matrixW (π) = diag{w

(πi−1

n

), . . . ,w

(πn−1

n

)}

(B̂n,πMWLS , Σ̃n,πMWLS) = arg min

(B,Σ)∈D

n∑s=1

w

(πs − 1

n

)d2s (B,Σ)

For any (B,Σ) ∈ D

MF (B̂n,πMWLS , Σ̃n,πMWLS , π) ≤ MF (B,Σ, π). (27)

21
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5. We can repeat the previous step for all π ∈ Πn and for
ourfixed ω0 we can define

π(ω0) = arg minπ∈Πn MF (B̂n,πMWLS , Σ̃

n,πMWLS , π)

= arg minπ∈Πn MF (B̂n,πMWLS(ω0), Σ̃

n,πMWLS(ω0), π).

(28)The estimates (B̂n,πMWLS(ω0), Σ̃

n,πMWLS(ω0)) of course depends on

ω0 but we will use the shorter form (B̂n,πMWLS , Σ̃

n,πMWLS) instead.

For any π ∈ Πn (27) and (28) yields

MF (B̂n,π(ω0)MWLS , Σ̃

n,π(ω0)MWLS , π(ω0)) ≤ MF (B̂

n,πMWLS , Σ̃

n,πMWLS , π) (29)

22


	
MLWS

Multivariateregression

Weightedregression

MultivariateLeastWeightedSquares

Algorithm

Robust VARestimator

Bibliography

6. Using (27) and (29) for any π̃ ∈ Πn and any (B̃, Σ̃) ∈ D

MF (B̂n,π(ω0)MWLS , Σ̃

n,π(ω0)MWLS , π(ω0)) ≤ MF (B̂

n,π̃MWLS , Σ̃

n,π̃MWLS , π̃)

≤ MF (B̃, Σ̃, π̃)

m

MF (B̂n,π(ω0)MWLS , Σ̃

n,π(ω0)MWLS , π(ω0)) = min

(B,Σ)∈Dminπ∈Πn

MF (B,Σ, π)

(30)
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7. Applying (24) and (26) to the equality (30) we obtain

MF (B̂n,π(ω0)MWLS , Σ̃

n,π(ω0)MWLS , π(ω0)) = min

(B,Σ)∈DMF (B,Σ, π(B,Σ))

= min(B,Σ)∈D

n∑i=1

w(

i−1n

)d2(i)(B,Σ)

and due to the definition of B̂n,wMLWS(ω0) we finally obtain

B̂n,wMLWS(ω0) = B̂n,π(ω0)MWLS (ω0). (31)

24
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Repeating steps 5-7 for all ω ∈ Ω completes the proof. Hence,we
have just proven, that there allways exists the solution ofthe
minimization problem (21) (and also (19)).

Remark As a consequence of (31), for any ω0 ∈ Ω the
MLWSestimator is equal to the MWLS estimator with weights
π(ω0)defined in (28).
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Normal equations

B̂n,wMWLS = arg minB∈Rp×q

n∑i=1

wi (Yi − B′Xi )

′

[(det( 1n

n∑i=1

wi (Yi − B′Xi )

′(Yi − B

′Xi )))

−1/q×

× 1nn∑

i=1wi (Yi − B

′Xi )

′(Yi − B

′Xi )]

−1(Yi − B′Xi )

= arg minB∈Rp×q

n∑i=1

wi (Yi − B′Xi )

′

[(det( 1n (Y − XB)′W (Y − XB)))−1/q×

× 1n (Y − XB)′W (Y − XB)]−1(Yi − B

′Xi ).

26
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Algorithm

Algorithm

The last equation gives us the way how to compute MLWS. Wecan
minimize

MF (B̂n,πMWLS , Σ̃n,πMWLS , π)

over the set of all permutations Πn. Asymptotic complexity
ofthis algorithm is n!. Impossible to compute for n larger then10.
10! = 3 628 800.It is better to modify iterative algorithm for LWS
presented inMaš́ıček (2004).
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Algorithm

1 B̂ = 0, Σ̂ = I , M̂F = +∞2 choose initial values B1, Σ1, j :=
1

3 compute Mahalanobis distances di (Bj ,Σj)

4 assign weights to observations (smaller MD = higherweight)

5 Bj+1, Σj+1 MWLS with weights computed in step 4

6 Bj 6= Bj+1; j:=j+1 and step 37 if MF (Bj ,Σj ,wj) < M̂F
then

B̂ := Bj , Σ̂ = Σj , M̂F = MF (Bj ,Σj ,wj)

8 repeat step 2 until terminal condition

9 return values B̂, Σ̂, M̂F

28
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Algorithm

Previous algorithm is still too slow. Possible improvements:

- choice of initial values

- heuristic on inperspective solutions

29
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Algorithm

Choice of initial values

Randomly choose m = 1000 subsets

- Hi of size h ≈ n/2, n/4 and compute B̂ = BLS(Hi ) andΣ̂ =
ΣLS(Hi ).

- Hi of size h = p + q and compute the coefficients of
thehyperplane through Hi . If Hi does not define a uniquehyperplane
extend Hi by adding random observations untilit does. B̂
=coefficients of this hyperplatne Σ̂ = i .

30
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Algorithm

Heuristic on inperspective solutions

- perform 2 iteration steps with all m solutions

- choose a = 10 with lowest MFs

- perform 30 iteration steps with a solutions

- choose one with lowest MF

- iterate until convergence (or terminal condition)
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Vector autoregressive (VAR) model

Definition 5K -dimensional random process {Yt , t ∈ Z} is
calledK-dimensional vector autoregressive process of order p,
when

Yt = ν+A1Yt−1+A2Yt−2+· · ·+ApYt−p+Ut , t ∈ {−p+1, . . .
,T},(32)

where

• A1, . . . ,Ap(Ap 6= 0) are (K × K ) coefficient matrices,• ν
is (K × 1) vector of intercept term,• {Ut , t ∈ Z} is a white noise
(EUt = 0,EUtUs = δtsΣU).
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For t = 1, . . . ,T denote

Xt = (1,Y′t−1, . . . ,Y

′t−p)

′ ∈ Rpk+1,

B = (ν,A1, . . . ,Ap)′,

X = (X1, . . . ,XT )′,

Y = (Y1, . . . ,YT )′,

We can rewrite the equation (32) to

Y = BX + U. (33)

B̂LS = (X′X )−1X

′Y . (34)
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Yt =

[.01.02

]+

[.40 .03.04 .20

]Yt−1+

[.100 .005.010 .080

]Yt−2+

[U1tU2t

]where Ut ∼ N(0,Σ)

Σ =

[1 .2.2 1

]

Bias =

√√√√ q∑i=1

p∑j=1

(1

nsim

nsim∑s=1

B̂sij − Bij)2 ≈∥∥∥E[B̂− B]∥∥∥

MSE =q∑

i=1

p∑j=1

1nsim

nsim∑s=1

(B̂sij − Bij)2

Source: Croux and Joossens (2008), nsim = 1000.
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LS MLTS MLWS

m Bias MSE Bias MSE Bias MSE

0 0.00 0.025 0.00 0.038 0.00 0.0315 0.25 0.115 0.08 0.048 0.04
0.039

10 0.38 0.234 0.17 0.062 0.11 0.05115 0.51 0.375 0.23 0.086 0.19
0.07820 0.64 0.538 0.30 0.130 0.27 0.14225 0.76 0.826 0.39 0.184
0.40 0.208

Figure 1: Simulated Bias and Mean Squared Error for the LS, and
the

robust MLTS and MLWS estimators of a bivariate VAR(2) model,
in

presence of m additive outliers in a series of length 500.
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