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Chapter 6

Multiple Integrals

6.1 Double Integrals

Before starting on double integrals let’s do a quick review of
the definition of a definiteintegral for function of one variable.
First, when working with the integral,

∫ b

a

f(x) dx

we think of x’s as coming from the interval a ≤ x ≤ b. For these
integrals we can saythat we are integrating over the interval a ≤ x
≤ b.

Now, when we derived the definition of the definite integral we
first thought of thisas an area problem. We first asked what the
area under the curve was and to do this webroke up the interval a ≤
x ≤ b into n subintervals of width ∆x and choose a point, x∗i ,from
each interval as shown below,

a b0 x

y

xi−1 xi

b(x∗i , f(x

∗i ))

0 x

y

y = f(x)

x∗i

f(x∗i )

Each of the rectangles has height of f(x∗i ) and we could then
use the area of each ofthese rectangles to approximate the area as
follows.

A ≈ f (x∗1)∆x+ f (x∗2)∆x+ · · ·+ f (x∗n)∆x

To get the exact area we then took the limit as n goes to
infinity and this was alsothe definition of the definite
integral.

∫ b

a

f(x) dx = limn→+∞

n∑

k=1

f(x∗k)∆x

In this section we want to integrate a function of two
variables, f(x, y). With func-tions of one variable we integrated
over an interval (i.e. a one-dimensional space) and

181
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so it makes some sense then that when integrating a function of
two variables we willintegrate over a region of R2 (two-dimensional
space).

We will start out by assuming that the region in R2 is a
rectangle which we willdenote as follows,

R = [a, b]× [c, d]This means that the ranges for x and y are a ≤
x ≤ b and c ≤ y ≤ d.

Also, we will initially assume that f(x, y) ≥ 0 although this
doesn’t really have to bethe case. Let’s start out with the graph
of the surface S give by graphing f(x, y) overthe rectangle R.

R

a

b

c

d

S

z

y

x

Let’s first ask what the volume of the region under S (and above
the xy-plane) is.We will first approximate the volume much as we
approximated the area above.

We will first divide up a ≤ x ≤ b into n subintervals and divide
up c ≤ y ≤ d into msubintervals. This will divide up R into a
series of smaller rectangles and from each ofthese we will choose a
point (x∗i , y

∗j ).

Now, over each of these smaller rectangles we will construct a
box whose height isgiven by f(x∗i , y

∗j ).

Each of the rectangles has a base area of ∆A and a height of
f(x∗i , y∗j ) so the vol-

ume of each of these boxes is f(x∗i , y∗j )∆A. The volume under
the surface S is then

approximately,

V ≈n

∑

i=1

m∑

j=1

f(x∗i , y∗j )∆A

We will have a double sum since we will need to add up volumes
in both the x and ydirections.

To get a better estimation of the volume we will take n and m
larger and larger andto get the exact volume we will need to take
the limit as both n and m go to infinity. Inother words,

V = limn,m→+∞

n∑

i=1

m∑

j=1

f(x∗i , y∗j )∆A

The limit of the double sum is denoted by

∫∫

R

f(x, y) dA = limn,m→+∞

n∑

i=1

m∑

j=1

f(x∗i , y∗j )∆A (6.1)
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which is called the double integral of f(x, y) over the
rectangle R.Note that one interpretation of the double integral of
f(x, y) over the rectangle R is

the volume under the function f(x, y) (and above the xy-plane).
Or,

Volume =

∫∫

R

f(x, y) dA

If f has both positive and negative values on R, then a positive
value for the doubleintegral of f over R means that there is more
volume above R than below, a negativevalue for the double integral
means that there is more volume below R than above, anda value of
zero means that the volume above R is the same as the volume below
R.

Evaluating Double Integrals

Except in the simplest cases, it is impractical to obtain the
value of a double integralfrom the limit in (6.1). However, we will
now show how to evaluate double integrals bycalculating two
successive single integrals.

For now we will consider the case where R is a rectangle; in the
next section we willconsider double integrals over more complicated
regions.

The partial derivatives of a function f(x, y) are calculated by
holding one of thevariables fixed and differentiating with respect
to the other variable. Let us consider thereverse of this process,
partial integration.

The symbols∫ b

a

f(x, y) dx and

∫ d

c

f(x, y) dy

denote partial definite integrals. The first integral, called
the partial definiteintegral with respect to x, is evaluated by
holding y fixed and integrating with respectto x, and the second
integral, called the partial definite integral with respect to y,is
evaluated by holding x fixed and integrating with respect to y.

∫ 1

0

xy2 dx =

∫ 1

0

xy2 dy =

Example 6.1

A partial definite integral with respect to x is a function of y
and hence can beintegrated with respect to y; similarly, a partial
definite integral with respect to y canbe integrated with respect
to x. This two-stage integration process is called iterated(or
repeated) integration. We introduce the following notation:

∫ d

c

∫ b

a

f(x, y) dxdy =

∫ d

c

[∫ b

a

f(x, y) dx

]

dy
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∫ b

a

∫ d

c

f(x, y) dydx =

∫ b

a

[∫ d

c

f(x, y) dy

]

dx

These integrals are called iterated integrals.

Evaluate

(a)

∫ 3

1

∫ 4

2

(40− 2xy) dy dx (b)∫ 4

2

∫ 3

1

(40− 2xy) dx dy

Example 6.2

Solution

It is no accident that both parts of Example 6.2 produced the
same answer. Theconclusion that the double integral of f(x, y) over
R has the same value as either of thetwo possible iterated
integrals is true even when f is negative at some points in R.

The following theorem tells us how to compute a double integral
over a rectangle.

If f(x, y) is continuous on R = [a, b]× [c, d], then∫∫

R

f(x, y) dA =

∫ d

c

∫ b

a

f(x, y) dx dy

=

∫ b

a

∫ d

c

f(x, y) dy dx

Theorem 6.1 (Fubini’s Theorem)
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Evaluate the double integral

∫∫

R

(x2y2 + cos(πx) + sin(πx) dA

over the rectangle R = [−2,−1]× [0, 1].

Example 6.3

Solution

Evaluate

∫∫

R

xexy dA, R = [−1, 2]× [0, 1].

Example 6.4

Solution
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Use a double integral to find the volume of the solid that is
bounded above bythe plane z = 4− x− y and below by the rectangle R
= [0, 1]× [0, 2].

x

y

z

(1, 2)1

2

4 z = 4− x− y

Example 6.5

Solution

Let c be a number.

1.

∫∫

R

cf(x, y) dA = c

∫∫

R

f(x, y) dA

2.

∫∫

R

[f(x, y) + g(x, y)] dA =

∫∫

R

f(x, y) dA+

∫∫

R

g(x, y) dA

3.

∫∫

R

[f(x, y)− g(x, y)] dA =∫∫

R

f(x, y) dA−∫∫

R

g(x, y) dA

4. If the region R can be split into two separate regions R1 and
R2, theintegral can be written as

∫∫

R

[f(x, y)] dA =

∫∫

R1

f(x, y) dA+

∫∫

R2

f(x, y) dA

Theorem 6.2 (Properties of Double Integrals)
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Exercise 6.1

1− 12 Evaluate the iterated integral.

1.

∫ 1

0

∫ 2

0

(x+ 3) dy dx 2.

∫ 3

1

∫ 1

−1

(2x− 4y) dy dx

3.

∫ 4

2

∫ 1

0

x2y dx dy 4.

∫ 0

−2

∫ 2

−1

(x2 + y2) dx dy

5.

∫ ln 3

0

∫ ln 2

0

ex+y dy dx 6.

∫ 2

0

∫ 1

0

y sin x dy dx

7.

∫ 0

−1

∫ 5

2

dx dy 8.

∫ 6

4

∫ 7

−3

dy dx

9.

∫ 1

0

∫ 1

0

x

(xy + 1)2dy dx 10.

∫ π

π/2

∫ 2

1

x cosxy dy dx

11.

∫ ln 2

0

∫ 1

0

xyey2x dy dx 12.

∫ 4

3

∫ 2

1

1

(x+ y)2dy dx

13− 16 Evaluate the double integral over the rectangular region
R.

13.

∫∫

R

4xy3 dA ; R = {(x, y) : −1 ≤ x ≤ 1, −2 ≤ y ≤ 2}

14.

∫∫

R

xy√

x2 + y2 + 1dA ; R = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}

15.

∫∫

R

x√1− x2 dA ; R = {(x, y) : 0 ≤ x ≤ 1, 2 ≤ y ≤ 3}

16.

∫∫

R

(x sin y − y sin x) dA ; R = {(x, y) : 0 ≤ x ≤ π/2, 0 ≤ y ≤
π/3}

17− 20 Use a double integral to find the volume.

17. The volume under the plane z = 2x+ y and over the
rectangle

R = {(x, y) : 3 ≤ x ≤ 5, 1 ≤ y ≤ 2}.

18. The volume under the surface z = 3x3 + 3x2y and over the
rectangle

R = {(x, y) : 1 ≤ x ≤ 3, 0 ≤ y ≤ 2}.

19. The volume of the solid enclosed by the surface z = x2 and
the planes x = 0, x =2, y = 3, y = 0, and z = 0.
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20. The volume in the first octant bounded by the coordinate
planes, the plane y = 4,and the plane (x/3) + (z/5) = 1.

21. Evaluate the integral by choosing a convenient order of
integration:

∫∫

R

x cos(xy) cos2 πx dA ; R = [0, 12]× [0, π]

22. (a) Sketch the solid in the first octant that is enclosed by
the planes x = 0, z = 0,x = 5, z − y = 0, and z = −2y + 6.(b) Find
the volume of the solid by breaking it into two parts.

Answers to Exercise 6.1

1. 7 3. 2 5. 2 7. 3 9. 1 − ln 2 11. 1− ln 22

13 0 15.1

317. 19 19. 8 21.

1

3π

6.2 Double Integrals Over Nonrectangular Regions

Iterated Integrals with Nonconstant Limits of Integration

Later in this section we will see that double integrals over
nonrectangular regions can beevaluated as iterated integrals of the
following types:

∫ b

a

∫ g2(x)

g1(x)

f(x, y) dy dx =

∫ b

a

[

∫ g2(x)

g1(x)

f(x, y) dy

]

dx

∫ d

c

∫ h2(y)

h1(y)

f(x, y) dx dy =

∫ d

c

[

∫ h2(y)

h1(y)

f(x, y) dx

]

dy

We begin with the following example.

Evaluate

(a)

∫ 1

0

∫ x2

−x

y2x dy dx (b)

∫ π/3

0

∫ cos y

0

x sin y dx dy

Example 6.6

Solution
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Double Integrals Over Nonrectangular Regions

We will now limit our study of double integrals to two basic
types of regions, which wewill call type I and type II ; they are
defined as follows.

(a) A type I region is bounded on the left and right by vertical
lines x = aand x = b and is bounded below and above by continuous
curves y = g1(x)and y = g2(x), where g1(x) ≤ g2(x) for a ≤ x ≤
b.

(b) A type II region is bounded below and above by horizontal
lines y = cand y = d and is bounded on the left and right by
continuous curvesx = h1(y) and x = h2(y), where h1(y) ≤ h2(y) for c
≤ y ≤ d.

Definition 6.1

a b x

y

y = g1(x)

y = g2(x)

A type I region

c

d

x

y

x = h1(y)

x = h2(y)

A type II region

The following theorem will enable us to evaluate double
integrals over type I andtype II regions using iterated
integrals.

(a) If R is a type I region on which f(x, y) is continuous,
then

∫∫

R

f(x, y) dA =

∫ b

a

∫ g2(x)

g1(x)

f(x, y) dy dx (6.2)

(b) If R is a type II region on which f(x, y) is continuous,
then

∫∫

R

f(x, y) dA =

∫ d

c

∫ h2(y)

h1(y)

f(x, y) dx dy (6.3)

Theorem 6.3
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Setting up Limits of Integration for Evaluating Double
Integrals

To apply Theorem 6.3, it is helpful to start with a
two-dimensional sketch of the regionR.

(

It is not necessary to graph f(x, y).)

For a type I region, the limits of integration in Formula (6.2)
can be obtained asfollows:

Determining Limits of Integration: Type I Region

Step 1. Since x is held fixed for the first integration, we draw
a vertical line throughthe region R at an arbitrary fixed value x.
This line crosses the boundary of Rtwice. The lower point of
intersection is on the curve y = g1(x) and the higherpoint is on
the curve y = g2(x). These two intersection determine the lower
andupper y-limits of integration in Formula (6.2).

Step 2. Imagine moving the line drawn in Step 1 first to the
left and then to the right.The leftmost position where the line
intersects the region R is x = a, and therightmost position where
the line intersects the region R is x = b. This yields thelimits
for the x-integration in Formula (6.2).

a b x

y

y = g1(x)

y = g2(x)

a b x

y

Evaluate

∫∫

R

(4ex2 − 5 sin y) dA over the region R enclosed between y =
x,

y = 0, and x = 4.

Example 6.7

Solution
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Evaluate

∫∫

R

(x + 2y) dA over the region R enclosed between the graphs of

y = 2x2 and y = 1 + x2.

Example 6.8

Solution

If R is a type II region, then the limits of integration in
(6.3) can be obtained asfollows:

Determining Limits of Integration: Type II Region

Step 1. Since y is held fixed for the first integration, we draw
a horizontal line throughthe region R at a fixed value y. This line
crosses the boundary of R twice. Theleftmost point of intersection
is on the curve x = h1(y) and the rightmost point ison the curve x
= h2(y). These intersections determine the x-limits of
integrationin (6.3).

Step 2. Imagine moving the line drawn in Step 1 first down and
then up. The lowestposition where the line intersects the region R
is y = c, and the highest positionwhere the line intersects the
region R is y = d. This yields the limits for the y-limitof
integration in (6.3).
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c

d

x

y

x = h1(y)

x = h2(y)c

d

x

y

Evaluate

∫∫

R

xy dA over the region R enclosed between the graphs of y =
x−1

and y2 = 2x+ 6.

Example 6.9

Solution
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Evaluate

∫∫

R

(2x− y2) dA over the triangular region R enclosed between
the

lines y = −x+ 1, y = x+ 1, and y = 3.

Example 6.10

Solution

Use a double integral to find the volume of the tetrahedron
bounded by thecoordinate planes and the plane z = 4− 4x− 2y.

Example 6.11

Solution
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Find the volume of the solid bounded by the cylinder x2+ y2 = 4
and the planey + z = 4 and z = 0.

Example 6.12

Solution

Reversing the Order of Integration

Sometimes the evaluation of an iterated integral can be
simplified by reversing the orderof integration. The next example
illustrates how this is done.

Since there is no elementary antiderivative of ex2

, the integral

∫ 2

0

∫ 1

y/2

ex2

dx dy

can not be evaluated by performing the x-intersection first.
Evaluate this inte-gral by expressing it as an equivalent iterated
integral with the order of inte-gration reversed.

Example 6.13

Solution
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Evaluate

∫ 4

0

∫ 2

√y

y cos x5 dxdy by changing the order of integration.

Example 6.14

Solution

Area Calculated as a Double Integral

Although double integrals arose in the context of calculating
volumes, they can also beused to calculated areas. That is,

area of R =

∫∫

R

1 dA =

∫∫

R

dA

Use a double integral to find the area of the region R enclosed
between theparabola y = 1

2x2 and the line y = 2x.

Example 6.15

Solution
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Exercise 6.2

1− 10 Evaluate the iterated integral.

1.

∫ 1

0

∫ x

x2xy2 dy dx 2.

∫ 3/2

1

∫ 3−y

y

y dx dy

3.

∫ 3

0

∫

√9−y2

0

y dx dy 4.

∫ 1

1/4

∫ x

x2

√

x

ydx dy

5.

∫

√2π

√π

∫ x2

0

siny

xdy dx 6.

∫ 1

−1

∫ x

−x2(x2 − y) dy dx

7.

∫ π

π/2

∫ x2

0

1

xcos

y

xdy dx 8.

∫ 1

0

∫ x

0

ex2

dy dx

9.

∫ 1

0

∫ x

0

y√

x2 − y2 dy dx 10.∫ 2

1

∫ y2

0

ex/y2

dx dy

11. Let R be the region shown in the accompanying figure. Fill
in the missing limitsof integration.

(a)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dy dx

(b)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dx dy

2x

y

R

y = x2

12. Let R be the region shown in the accompanying figure. Fill
in the missing limitsof integration.

(a)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dy dx

(b)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dx dy
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x

y

R

y =√x

y = x2

13. Let R be the region shown in the accompanying figure. Fill
in the missing limitsof integration.

(a)

∫∫

R

f(x, y) dA =

∫ 2

1

∫

2

2

f(x, y) dy dx+

∫ 4

2

∫

2

2

f(x, y) dy dx

+

∫ 5

4

∫

2

2

f(x, y) dy dx

(b)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dx dy

x

y

R

(2, 1) (4, 1)b b

bb(1, 3) (5, 3)

14. Let R be the region shown in the accompanying figure. Fill
in the missing limitsof integration.

(a)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dy dx

(b)

∫∫

R

f(x, y) dA =

∫

2

2

∫

2

2

f(x, y) dx dy

x

y

R

1−1

1

−1
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15. Evaluate

∫∫

R

xy dA, where R is the region in

(a) Exercise 11 (b) Exercise 13

16. Evaluate

∫∫

R

(x+ y) dA, where R is the region in

(a) Exercise 12 (b) Exercise 14

17− 20 Evaluate the double integral in two ways using iterated
integrals:(a) viewing R as a type I region, and (b) viewing R as a
type II region.

17.

∫∫

R

x2 dA; R is the region bounded by y = 16/x, y = x, and x =
8.

18.

∫∫

R

xy2 dA; R is the region bounded by y = 1, y = 2, x = 0, and y =
x.

19.

∫∫

R

(3x− 2y) dA; R is the region enclosed by the circle x2 + y2 =
1.

20.

∫∫

R

y dA; R is the region in the first quadrant enclosed between the
circle x2+y2 =

25 and the line x+ y = 5.

21− 26 Evaluate the double integral.

21.

∫∫

R

x(1 + y2)−1/2 dA; R is the region in the first quadrant enclosed
by y = x2,

y = 4, and x = 0.

22.

∫∫

R

x cos y dA; R is the triangular region bounded by the lines y =
x, y = 0, and

x = π.

23.

∫∫

R

xy dA; R is the region enclosed by y =√x, y = 6− x, and y =
0.

24.

∫∫

R

x dA; R is the region enclosed by y = sin−1 x, x = 1/√2, and y =
0.

25.

∫∫

R

(x − 1) dA; R is the region in the first quadrant enclosed
between y = x and

y = x3.
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26.

∫∫

R

x2 dA; R is the region in the first quadrant enclosed by xy = 1,
y = x, and

y = 2x.

27− 29 Use a double integration to find the area of the plane
region enclosed by thegiven curves.

27. y = sin x and y = cos x, for 0 ≤ x ≤ π/4.

28. y2 = −x and 3y − x = 4.

29. y2 = 9− x and y2 = 9− 9x.30− 31 Use double integration to
find the volume of the solid.

30.

x

y

z

3

6

4

3x+ 2y + 4z = 12

31.

x

y

z

2

2

2

x2 + z2 = 4

x2 + y2 = 4

32− 40 Use double integration to find the volume of the
solid.

32. The solid bounded by the cylinder x2+ y2 = 9 and the planes
z = 0 and z = 3−x.

33. The solid in the first octant bounded above by the
paraboloid z = x2 + 3y2, belowby the plane z = 0, and laterally by
y = x2 and y = x.

34. The solid bounded above by the paraboloid z = 9x2+y2, below
by the plane z = 0,and laterally by the planes x = 0, y = 0, x = 3,
and y = 2.

35. The solid enclosed by y2 = x, z = 0 and x+ z = 1.

36. The solid in the first octant bounded above by z = 9 − x2,
below by z = 0, andlaterally by y2 = 3x.

37. The solid that is common to the cylinders x2 + y2 = 25 and
x2 + z2 = 25.

38. The solid bounded above by the paraboloid z = x2 + y2, below
by the xy-plane,and laterally by the circular cylinder x2 + (y −
1)2 = 1.
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39− 44 Express the integral as an equivalent integral with the
order of integrationreversed.

39.

∫ 2

0

∫

√x

0

f(x, y) dy dx 40.

∫ 4

0

∫ 8

2y

f(x, y) dx dy

41.

∫ 2

0

∫ ey

1

f(x, y) dx dy 42.

∫ e

1

∫ lnx

0

f(x, y) dy dx

43.

∫ 1

0

∫ π/2

sin−1 y

f(x, y) dx dy 44.

∫ 1

0

∫

√y

y2f(x, y) dx dy

45− 48 Evaluate the integral by first reversing the order of
integration.

45.

∫ 1

0

∫ 4

4x

e−y2

dy dx 46.

∫ 2

0

∫ 1

y/2

cos(x2) dx dy

47.

∫ 4

0

∫ 2

√y

ex3

dx dy 48.

∫ 3

1

∫ lnx

0

x dy dx

Answers to Exercise 6.2

1.1

403. 9 5.

π

29.

1

1211. (a)

∫ 2

0

∫ x2

0

f(x, y) dy dx (b)

∫ 4

0

∫ 2

√y

f(x, y) dx dy

13. (a)

∫ 2

1

∫ 3

−2x+5

f(x, y) dy dx+

∫ 4

2

∫ 3

1

f(x, y) dy dx+

∫ 5

4

∫ 3

2x−7

f(x, y) dy dx

(b)

∫ 3

1

∫ (y+7)/2

(5−y)/2

f(x, y) dx dy

15. (a)16

3(b) 38 17. 576 19. 0 21.

√17− 12

23.50

325. − 7

6027.

√2− 1

29. 32 30. 12 32. 27π 34. 170 39.

∫

√2

0

∫ 2

y2f(x, y) dx dy 41.

∫ e2

1

∫ 2

lnx

f(x, y) dy dx

43.

∫ π/2

0

∫ sinx

0

f(x, y) dy dx 45.1− e−16

847.

e8 − 13

6.3 Double Integrals in Polar Coordinates

Some double integrals are easier to evaluate if the region of
integration is expressed inpolar coordinates. This is usually if
the region is bounded by a cardioid, a rose curve,a spiral, or,
more generally, by any curve whose equation is simpler in polar
coordinatesthan in rectangular coordinates.

Figure (a) shows a region R in a polar coordinate system that is
enclosed between tworays, θ = α and θ = β, and two polar curves, r
= r1(θ) and r = r2(θ). If the functions
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r1(θ) and r2(θ) are continuous and their graphs do not cross,
then the region R is calleda simple polar region.

If r1(θ) is identically zero, then the boundary r = r1(θ)
reduces to a point (the origin),and the region has the general
shape shown in Figure (b).

If, in addition, β = α + 2π, then the rays coincide, and the
region has the generalshape shown in Figure (c).

0

θ = α

θ = β

R

(a)

α

r = r2(θ)

r = r1(θ)R

β

0

θ = α

θ = β

R

r = r2(θ)

(b)

R

0

β = α + 2πR

r = r2(θ)

(c)

R

A polar rectangle is a simple polar region for which the
bounding polar curves arecircular arcs. For example, Figure below
shows the polar rectangle R given by

2 ≤ r ≤ 4, π12

≤ θ ≤ π3

0

θ = π12

θ = π3

r = 4

r = 2

R

The Volume Problem in Polar Coordinates. Given a functionf(r, θ)
that is continuous and nonnegative on a simple polar region Rin the
xy-plane, find the volume of the solid that is enclosed betweenthe
region R and the surface whose equation in cylindrical
coordinatesis z = f(r, θ).

To motivate a formula for the volume V of the solid, we will use
a limit process similarto that used to obtain Formula (6.1) of
Section 6.1, except that here we will use circulararcs and rays to
subdivide the region R into polar rectangles.

Let a solid be bounded by the surface z = f(r, θ), as well as
the surfaces r = a, r =b, θ = α and θ = β, which define a polar
rectangle.
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0

ri∆θri+1∆θ

∆rr = a

r = b

θ = α

θ = β

Now, if we pull one of the polar rectangle out as shown we have
something that is almost,but not quite a rectangle, and denote the
area of this polar rectangle by ∆A. The twosides of this polar
rectangle both have length ∆r = ri+1 − ri where ri+1 is the
outerradius and ri is the inner radius.

Basic geometry then tells us that the length of the inner edge
is ri∆θ while the lengthof the out edge is ri+1∆θ where θ is the
angle between the two radial lines that form thesides of this polar
rectangle.

Let (r∗i , θ∗j ) be any point in this polar rectangle. The
product f(r

∗i , θ

∗j )∆A is the

volume of a solid with base area ∆A and height f(r∗i , θ∗j ), so
the volume V of the solid

is approximated by

V ≈n

∑

i=1

m∑

j=1

f(r∗i , θ∗j )∆A

Recall that the quantity 12∆r2∆θ is the area of a polar
rectangle with angle θ and radius

r. Here, the area ∆A is the difference between two circular
sectors with angle θ andradii ri and ri+1. Hence,

∆A = 12

(

r2i+1 − r2i)

∆θ

= 12(ri+1 + ri) (ri+1 − ri)∆θ

= 12(ri+1 + ri)∆r∆θ

If we increase the number of subdivisions in such a way that the
dimensions of thepolar rectangles approach zero, then we can assume
that 1

2(ri+1 + ri) ≈ r∗i and with this

assumption, the approximation of the volume converges to the
exact volume

V = limn,m→+∞

n∑

i=1

m∑

j=1

f(r∗i , θ∗j )r

∗i∆r∆θ,

which is given by the double integral

V =

∫ β

α

∫ b

a

f(r, θ)r dr dθ.
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Evaluating Polar Double Integrals

If R is a simple polar region whose boundaries are the rays θ =
α and θ = βand the curves r = r1(θ) and r = r2(θ) shown in Figure
below,

0

θ = α

θ = β

r = r1(θ)θ

r = r2(θ)

and if f(r, θ) is continuous on R, then

∫∫

R

f(r, θ) dA =

∫ β

α

∫ r2(θ)

r1(θ)

f(r, θ)r dr dθ (6.4)

Theorem 6.4

Determining Limits of Integration for a Polar Double
Integral:

Simple Polar Region

Step 1. Since θ is held fixed for the first integration, draw a
radial line from the originthrough the region R at a fixed angle θ.
This line crosses the boundary of R atmost twice. The innermost
point of intersection is on the inner boundary curver = r1(θ) and
the outermost point is on the outer boundary curve r = r2(x).
Theseintersection determine the r-limits of integration in
(6.4).

Step 2. Imagine rotating the radial line from Step 1 about the
origin, thus sweepingout the region R. The least angle at which the
radial line intersects the region R isθ = α and the greatest angle
is θ = β. This determines the θ-limits of integration.

b

b

0

θ = α

θ = β

r = r1(θ)θ

r = r2(θ)

0

θ = α

θ = β

θ
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Evaluate

∫∫

R

sin θ dA where R is the region in the first quadrant that is

outside the circle r = 2 and inside the cardioid r = 2(1 + cos
θ)

Example 6.16

Solution

The sphere of radius a centered at the origin is expressed in
rectangular coordi-nates as x2 + y2 + z2 = a2, and hence its
equation in cylindrical coordinates isr2 + z2 = a2. Use this
equation and a polar double integral to find the volumeof the
sphere.

Example 6.17

Solution
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Finding Areas Using Polar Double Integrals

Recall that the area of a region R in the xy-plane can be
expressed as

area of R =

∫∫

R

1 dA =

∫∫

R

dA (6.5)

The argument used to derive this result can also be used to show
that the formula appliesto polar double integrals over regions in
polar coordinates.

Use a polar double integral to find the area enclosed by the
three-petaled roser = sin 3θ

Example 6.18

Solution

Converting Double Integrals from Rectangular to Polar
Coordi-

nates

Sometimes a double integral that is difficult to evaluate in
rectangular coordinates canbe evaluated more easily in polar
coordinates by making the substitution

x = r cos θ, y = r sin θ

and expressing the region of integration in polar form; that is,
we rewrite the doubleintegral in rectangular coordinates as

∫∫

R

f(x, y) dA =

∫∫

R

f(r cos θ, r sin θ) dA =

∫∫

R

f(r cos θ, r sin θ) r dr dθ (6.6)
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Use polar coordinates to evaluate

∫ 1

−1

∫

√1−x2

0

(x2 + y2)3/2dy dx.

Example 6.19

Solution

Exercise 6.3

1− 6 Evaluate the iterated integral.

1.

∫ π/2

0

∫ sin θ

0

r cos θ dr dθ 2.

∫ π

0

∫ 1+cos θ

0

r dr dθ

3.

∫ π/2

0

∫ a sin θ

0

r2 dr dθ 4.

∫ π/6

0

∫ cos 3θ

0

r dr dθ

5.

∫ π

0

∫ 1−sin θ

0

r2 cos θ dr dθ 6.

∫ π/2

0

∫ cos θ

0

r3 dr dθ

7− 10 Use a double integral in polar coordinates to find the
area of the regiondescribed.

7. The region enclosed by the cardioid r = 1− cos θ.

8. The region enclosed by the rose r = sin 2θ.

9. The region in the first quadrant bounded by r = 1 and r = sin
2θ, with π/4 ≤ θ ≤π/2.

10. The region inside the circle x2 + y2 = 4 and to the right of
the line x = 1.
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11− 12 Let R be the region described. Sketch the region R and
fill in the missinglimits of integration.

∫∫

R

f(r, θ) dA =

∫

2

2

∫

2

2

f(r, θ) dr dθ

11. The region inside the circle r = 4 sin θ and outside the
circle r = 2.

12. The region inside the circle r = 1 and outside the cardioid
r = 1 + cos θ.

13− 16 Use polar coordinates to evaluate the double
integral.

13.

∫∫

R

e−(x2+y2) dA, where R is the region enclosed by the circle x2 +
y2 = 1.

14.

∫∫

R

√

9− x2 − y2 dA, where R is the region in the first quadrant
within the circle

x2 + y2 = 9.

15.

∫∫

R

1

1 + x2 + y2dA, where R is the sector in the first quadrant
bounded by y = 0,

y = x, and x2 + y2 = 4.

16.

∫∫

R

2y dA, where R is the region in the first quadrant bounded above
by the circle

(x− 1)2 + y2 = 1 and below by the line y = x.

17− 24 Evaluate the iterated integral by converting to polar
coordinates.

17.

∫ 1

0

∫

√1−x2

0

(x2 + y2) dy dx 18.

∫ 2

−2

∫

√4−y2

−√4−yy

e−(x2+y2) dy dx

19.

∫ 2

0

∫

√2x−x2

0

√

x2 + y2 dy dx 20.

∫ 1

0

∫

√1−y2

0

cos(x2 + y2) dx dy

21.

∫ 1

0

∫

√y

y

√

x2 + y2 dx dy 22.

∫ a

0

∫

√a2−x2

0

1

(1 + x2 + y2)3/2dy dx (a > 0)

23.

∫ 4

0

∫

√25−x2

3

dy dx 24.

∫

√2

0

∫

√4−y2

y

1√

1 + x2 + y2dx dy

Answers to Exercise 6.3

1.1

63. 2

9 a25. 0 7.

3π

29.

π

1611.

∫ 5π/6

π/6

∫ 4 sin θ

2

f(r, θ) dr dθ

15.π

8ln 5 17.

π

819.

16

922.

π

2

(

1− 1√1 + a2

)

24.π

4

(√5− 1

)
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6.4 Triple Integrals

A single integral of a function f(x) is defined over a finite
closed interval on the x-axis,and a double integral of a function
f(x, y) is defined over a finite closed region R inthe xy-plane.
Our goal in this section is to define what is meant by a triple
integral off(x, y, z) over a closed solid region G in an
xyz-coordinate system.

To define the triple integral of f(x, y, z) over G, we first
divide the box into “subboxes”by plane parallel to the coordinate
planes. As shown in Figure below, we pull one of thesubbox out and
we denote the volume of the subbox by ∆V and the point selected
inthe subbox by (x∗i , y

∗j , z

∗k).

0

x

y

z

b

(x∗i , y∗i , z

∗i )

Volume = ∆Vi

Next we form the productf(x∗i , y

∗j , z

∗k)∆V

for each subbox, then add the products for all the subboxes to
obtain the triple sum

n∑

i=1

m∑

j=1

∑̀

k=1

f(x∗i , y∗j , z

∗k)∆V

Finally, we repeat this process with more and more subdivisions
in such a way that thelength, width, and height of each subbox
approach zero, and n, m, and ` approach +∞.The limit

∫∫∫

G

f(x, y, z) dV = limn,m,`→+∞

n∑

i=1

m∑

j=1

∑̀

k=1

f(x∗i , y∗j , z

∗k)∆V (6.7)

is called the triple integral of f(x, y, z) over the region
G.

Properties of Triple Integrals

Triple integrals enjoy many properties of single and double
integrals:∫∫∫

G

cf(x, y, z) dV = c

∫∫∫

G

f(x, y, z) dV (c is a constant)

∫∫∫

G

[f(x, y, z) + g(x, y, z)] dV =

∫∫∫

G

f(x, y, z) dV +

∫∫∫

G

g(x, y, z) dV

∫∫∫

G

[f(x, y, z)− g(x, y, z)] dV =∫∫∫

G

f(x, y, z) dV −∫∫∫

G

g(x, y, z) dV
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Moreover, if the region G is subdivided into two subregions G1
and G2, then

∫∫∫

G

f(x, y, z) dV =

∫∫∫

G1

f(x, y, z) dV +

∫∫∫

G2

f(x, y, z) dV

G1G2

G

Evaluating Triple Integrals Over Rectangular Boxes

Let G be the rectangular box defined by the inequalities

a ≤ x ≤ b, c ≤ y ≤ d, k ≤ z ≤ `

If f is continuous on the region G, then

∫∫∫

G

f(x, y, z) dV =

∫ b

a

∫ d

c

∫ `

k

f(x, y, z) dz dy dx (6.8)

Moreover, the iterated integral on the right can be replaces
with any of the fiveother iterated integrals that result by
altering the order of integration.

Theorem 6.5 (Fubini’s Theorem)

Evaluate the triple integral

∫∫∫

G

xyz2dV over the rectangular box G defined

by the inequalities 0 ≤ x ≤ 1, −1 ≤ y ≤ 2, 0 ≤ z ≤ 3.

Example 6.20

Solution
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Evaluating Triple Integrals Over More General Regions

Next we will consider how triple integral can be evaluated over
solids that are not rectan-gular boxes. We will assume that the
solid G is bounded above by a surface z = g2(x, y)and below by a
surface z = g1(x, y) and that the projection of the solid on the
xy-planeis a type I or type II region R.

R

G

z = g2(x, y)

z = g1(x, y)

z

x

y

In addition, we will assume that g1(x, y) and g2(x, y) are
continuous on R and thatg1(x, y) ≤ g2(x, y) on R. Geometrically,
this means that the surfaces may touch butcannot cross. We call a
solid of this type a simple xy-solid.

Let G be a simple xy-solid with upper surface z = g2(x, y) and
lower surfacez = g1(x, y), and let R be the projection of G on the
xy-plane. If f(x, y, z) iscontinuous on G, then

∫∫∫

G

f(x, y, z) dV =

∫∫

R

[

∫ g2(x,y)

g1(x,y)

f(x, y, z) dz

]

dA (6.9)

Theorem 6.6

Determining Limits of Integration: Simple xy-Solid

Step 1. Find an equation z = g2(x, y) for the upper surface and
an equation z = g1(x, y)for the lower surface of G. The functions
g1(x, y) and g2(x, y) determine the lowerand upper z-limits of
integration.

Step 2. Make a two-dimensional sketch of the projection R of the
solid on the xy-plane.From this sketch determine the limits of
integration for the double integral over Rin (6.9).
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Evaluate

∫∫∫

G

6xy dV , where G is the tetrahedron by the planes x = 0, y =
0,

z = 0, and 2x+ y + z = 4.

z

xy

24

4

R

2x+ y + z = 4

Example 6.21

Solution
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Let G be the wedge in the first octant that is cut from the
cylindrical solidy2 + z2 ≤ 1 by the planes y = x and x = 0.

x

y

z

1

y2 + z2 = 1

(z =√

1− y2)

x = 0y = x

Evaluate

∫∫∫

G

z dV .

Example 6.22

Solution

Volume Calculated as a Triple Integral

In the case where f(x, y, z) = 1, Formula (6.7) yields

∫∫∫

G

dV = limn,m,`→+∞

n∑

i=1

m∑

j=1

∑̀

k=1

∆V
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which is the volume of G; that is,

volume of G =

∫∫∫

G

dV (6.10)

Use a triple integral to find the volume of the solid within the
cylinder x2+y2 = 9and between the planes z = 1 and x+ z = 5.

x

y

z

z = 1

x2 + y2 = 9

x+ z = 5

x2 + y2 = 9

R

b

Example 6.23

Solution


	
MA112 (750001): Prepared by Asst.Prof.Dr. Archara
Pacheenburawana 214

Find the volume of the solid G enclosed between the
paraboloids

z = 5x2 + 5y2 and z = 6− 7x2 − y2

Example 6.24

Solution

Find the volume of the solid G enclosed between the graph of y =
4 − x2 − z2and the xz-plane.

Example 6.25

Solution
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Integration in Other Orders

In Formula (6.9) for integrating over a simple xy-solid, the
z-integration was performedfirst. However, there are situations in
which it is preferable to integrate is a differentorder. For a
simple xz-solid it is usually best to integrate with respect to y
first, and foryz-solid it is usually best to integrate with respect
to x first:

∫∫∫

G

simple xz-solid

f(x, y, z) dV =

∫∫

R

[

∫ g2(x,z)

g1(x,z)

f(x, y, z) dy

]

dA

∫∫∫

G

simple yz-solid

f(x, y, z) dV =

∫∫

R

[

∫ g2(y,z)

g1(y,z)

f(x, y, z) dx

]

dA

In Example 6.22, we evaluated

∫∫∫

G

z dV

over the wedge G by integrating first with respect to z.
Evaluate this integralby integrating first with respect to x.

Example 6.26

Solution
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Find the volume of the solid bounded by the graphs of z = 4 −
y2, x + z = 4,x = 0 and z = 0.

z = 4− y2x+ z = 4

y

z

x

Example 6.27

Solution

Exercise 6.4

1− 8 Evaluate the iterated integral.

1.

∫ 1

−1

∫ 2

0

∫ 1

0

(x2 + y2 + z2) dx dy dz 2.

∫ 1/2

1/3

∫ π

0

∫ 1

0

zx sin xy dz dy dx

3.

∫ 2

0

∫ y2

−1

∫ z

−1

yz dx dz dy 4.

∫ π/4

0

∫ 1

0

∫ x2

0

x cos y dz dx dy
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5.

∫ 3

0

∫

√9−z2

0

∫ x

0

xy dy dx dz 6.

∫ 3

1

∫ x2

x

∫ ln z

0

xey dy dz dx

7.

∫ 2

0

∫

√4−x2

0

∫ 3−x2−y2

−5+x2+y2x dz dy dx 8.

∫ 2

1

∫ 2

z

∫

√3y

0

y

x2 + y2dx dy dz

9− 12 Evaluate the triple integral.

9.

∫∫∫

G

xy sin yz dV , where G is the rectangular box defined by the
inequalities 0 ≤

x ≤ π, 0 ≤ y ≤ 1, 0 ≤ z ≤ π/6.

10.

∫∫∫

G

y dV , where G is the solid enclosed by the plane z = y, the
xy-plane, and

the parabolic cylinder y = 1− x2.

11.

∫∫∫

G

xyz dV , where G is the solid in the first octant that is
bounded by the

parabolic cylinder z = 2− x2 and the planes z = 0, y = x, and y
= 0.

12.

∫∫∫

G

cos(z/y) dV , where G is the solid defined by the inequalities
π/6 ≤ y ≤ π/2,

y ≤ x ≤ π/2, 0 ≤ z ≤ xy.

13− 15 Use a triple integral to find the volume of the
solid.

13. The solid in the first octant bounded by the coordinate
planes and the plane3x+ 6y + 4z = 12.

14. The solid bounded by the surface z =√y and the planes x + y
= 0, x = 0, and

z = 0.

15. The solid bounded by the surface y = x2 and the planes y + z
= 4 and z = 0.

16− 17 Set up (but do not evaluate) an iterated triple integral
for the volume of thesolid enclosed between the given surfaces.

16. The elliptic cylinder x2 + 9y2 = 9 and the planes z = 0 and
z = x+ 3.

17. The cylinders x2 + y2 = 1 and x2 + z2 = 1.

Answers to Exercise 6.4

1. 8 3.47

35.

81

57.

128

159. π(π − 3)/2 11. 1

613. 4 15.

256

15
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